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THE CULTURAL VALUE OF MATHEMATICS! 


By AUBREY J. KEMPNER 


University of Colorado, Boulder, Colorado 


INTRODUCTION 


A famous English mathematician and philosopher has defined 


‘ 


mathematies as a science in which ‘‘we never know what we are 
talking about, nor whether what we say is true or false.’’—In 
all seriousness, there is some truth in this definition, but one 
may also maintain that it contains some’ exaggeration. 

If mathematics, which we are accustomed to consider the most 
pure and most logically developed science, offers such difficulties 
when we attempt to define it, what shall we expect of such a 
‘eulture’’? Indeed, I doubt whether 
a satisfactory definition of culture can be given. In order to 


relatively vague term as 


gain a common ground for our discussion, I shall not attempt 
to give a formal definition at all, but shall, instead, assume that 
everything is of cultural value which makes life fuller and 
richer; which places us in a position of greater harmony with 
our surroundings; which leads us to a better understanding of 
nature, of our individual development and of the development 
of the race. 

In speaking of the cultural value of mathematics, I emphati- 
cally disclaim any intention of establishing a thesis that mathe- 
maties is of greater cultural value than any one of half a dozen 
other sciences. I am convinced that true culture would imply 
a universally high level of understanding of all sciences and arts. 
Unfortunately, the time has passed when it was possible for one 
human mind to acquire encyclopedic knowledge of science as a 

1 Read at the meeting of the Colorado Education Association, November 
10, 1928, Pueblo and Denver, Colorado. 

9 127 

















128 THE MATHEMATICS TEACHER 
whole, or even to acquire complete mastery of any single science 
The eighteenth century may have witnessed the last serious ef- 
forts in this direction. The average college graduate of the 
present day must be satisfied with an extremely thin veneer in 
all branches of knowledge except a very few. On these few his 
best efforts must be concentrated. 

I have no desire to argue, for example, the relative merit of 
a training in history, in the ancient languages, in arts, or in 
mathematics. A person who is devoid of all understanding of 
the history of our civilization, who is ignorant of the classical 
spirit, who has no feeling for the influence which the fine arts 
have had on our development, is surely every bit as uncultured 
as one possessing no knowledge of mathematics. I shall only 
attempt to show, in a very inadequate manner, that mathematics 
does have a message of fundamental importance, that it does 
make a tremendous contribution to the possibility of orienting 
oneself in nature and in life. 


THE GENERAL CULTURAL INFLUENCE OF MATHEMATICS 


I do not belong to those who argue that science is science only 
insofar as it is dominated by pure logic. For certain, no sci- 
ence must contain anything which is contrary to the laws of 
logic ; but most sciences have manifold roots and methods, and 
deductive logic is in many eases only one of them. Each sci- 
ence generally consists of two integral parts, which may perhaps 
be described as follows: 


I. Phenomenological (Descriptive) 


For example, in History, Botany, Zoology this part is very 
prominent. From a vast amount of observed data certain laws 
are distilled by incomplete induction (evolution, laws of heredity, 
and the like), but they are usually not really proven by deduc- 
tive logic ; instead, our minds are crushed into submission by the 
weight of empirical evidence. Yet, who will deny that we are, 
in such branches of knowledge, dealing with true science? 


II. Logical (Deductive) 


On the other hand, in Physics, in Chemistry, in Engineering, 
etc., we often come across laws which may, under certain fun- 
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damental assumptions, be considered logically necessary con- 
sequences of observed data. Whenever such laws are expressible 
in terms of space, numbers, and time, we are dealing with laws 
for which mathematics affords the natural means of treatment. 

In the various sciences, these two methods of development are 
represented in varying proportions. 

May I give for the second type a simple illustration of which 
I am particularly fond. Assume that we have a force emanating 
from an isolated point in space, and emanating uniformly in all 
directions from the point. Assume further that there is no ab- 
sorption of this force. It follows then from quite elementary 
geometrical considerations that the intensity of the force is in- 
versely proportional to the square of the distance. We need 
only to apply the theorem that in similar plane figures the areas 
are as the squares of corresponding lengths. Note that it was 
not even necessary to make any assumption concerning the mode 
of propagation, whether in straight lines or in concentric spheri- 
cal shells. We have here the true reason why so many different 
types of forces (gravitational, electric, magnetic, light, heat. 
sound) all obey the same law of the inverse square of the dis- 
tance. 

Now consider the headlight of an automobile, in clear weather, 
where absorption may be neglected. It seems to blind us nearly 
as strongly when we stand in the path of the beam at a distance 
of a quarter of a mile as at a distance of one hundred yards. 
What is the explanation of this? If the former law held, the 
pupil of our eye would receive in the first case only about one 
twentieth of the amount it receives in the second ease. If we 
assume a true parabolic reflector, it follows from geometry 
that the same amount of light is received by the pupil at a greater 
as at a smaller distance; hence the intensity is independent of 
the distance. Here you have laws of physics, some of them fun- 
damental, not indeed proven, because it still remains to be shown 
that the assumptions hold; but how simple the assumptions 
appear when contrasted with the conclusions! To decide 
whether the assumptions actually are true or not lies outside of 
the domain of mathematics. The refined theory of relativity 
indicates that they are true to within a nearly incredible degree 
of accuracy, but that they are not quite exact. Do not these 
childishly simple examples show that mathematics gives us a 
rather penetrating insight into the mysteries of nature? 
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It is characteristic of mathematics as a logical science that it 
starts out with a small number of fundamental assumptions 
(axioms and postulates) which we are willing to accept without 
further proof, because they appeal to our common sense as ob- 
viously true (for example a+ b= b + a, when we are dealing 
with numbers), and then, by applying to these assumptions the 
ordinary laws of logic, the whole science is developed; and, as 
far as it is developed, it will stand as long as our minds obey 
the apparently inexplorable laws of logic! 

Let us ask ourselves whether this in itself does not contain 
elements of cultural value? I feel confident that I am not claim- 
ing too much for mathematics when I say that this concept of a 
system of deductive logic, our confidence in the infallibility of 
the application of our formal laws of logic to an empirically 
given situation, would never have taken hold of the mind of 
mankind to the extent that we trust in it as firmly as we trust 
in anything in the universe, if the human mind had not been 
trained in thousands of years of mathematical reasoning. Pray 
do not interpret my words wrongly: I do not claim that mathe- 
maties is logic, or that logic is mathematies. Both of these po- 
sitions have been defended at various times, with unsatisfactory 
results. I do claim that mathematies is the outstanding test for 
our system of logic, the only science of which we may say, if I 
am allowed to plagiarize a trademark, that it is 99.44 percent 
pure. In mathematics, the remaining 0.56 percent are not 
impurities, but are occupied by the axioms and postulates. 

This is no small matter! To acquire unreserved confidence 
in the autonomous power of our human mind means that we have 
gained the firm fundament on which all deductive science may 
be built. 

Then, have you ever considered what it means to the maturing 
mind of a student that he is working in a branch of science where 
his own reasoned logical conclusions cannot be challenged by 
any outside authority, neither by instructor nor by textbook? 
[ still remember with pleasure a student of a particular class in 
ealeulus a dozen years ago who asked me in an examination 
whether one problem could not be worked in a new manner. 
I told him that he would surely run into trouble. His charac- 
teristic reply was a delightful: ‘‘Well, I’m going to try, any- 
way.’’ And he did, and he did! He spoiled his paper, but I 
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have always felt that he richly deserved the ‘‘100’’ I gave him. 
To me, one of the delights of teaching mathematies in a uni- 
versity is this knowledge that no student has to aecept any state- 
ment or proof on my authority; instructor and student are on 
the same plane, and a bluff on the part of the instructor is apt 
to be called at any moment. In a country as proud of demoe- 
racy as are these United States, this ought to have a certain 
power of appeal. 

Of course, every science offers to a lesser or greater degree 
the opportunity for training independence of thought, and it 
goes Without saying that in all teaching it is fundamental to 
cultivate this ability to the utmost. In the natural sciences it 
is generally the observed fact which the pupil must be trained 
to recognize for himself. May I cite in this connection one 
horrible example of how not to teach? In a university course 
in botany, my daughter could not see certain cells under the 
microscope appearing in the shape the instructor had indicated. 
When she very politely insisted that the cells looked different to 
her, she was silenced by the amazing retort: ‘‘ Miss K., if I were 
vou, | wouldn’t argue with me!’ 

Next, I should like to emphasize the wsthetic joy which we 
experience in a structure of pure logic, flawlessly put together, 
aspiring to great heights, and yet firmly rooted in the soil of 
logie. 

Thus, we have already encountered three most important ele- 
ments: 

I. The growth of confidence in the power of the human mind. 

Il. The training of independence of thought. 

Ill. Appreciation of a closely woven system of thought processes. 

It would be impossible to deny that these give the human mind 
a firm foundation, a starting point from which it may hope to 
comprehend the world in which it has its existence. 

The fact that mathematies, together with perhaps chemistry 
and music, possesses the most powerful symbolism of any science 
or art, forms one of the important aspects of mathematics. One 
of the sources of its strength lies here. On the other hand, it 
means that what amounts to a new language must be learned 
for its mastery. To appreciate the importance of this symbo- 
lism, it is sufficient to imagine that you had to carry in words 
in your mind such a comparatively simple formula as 
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C = (dy/dx*)-{1 + (dy/dx)*}-*? 
or 
” _ we — 1). 
(a + b)" = q" 4 7o" b ocr: am a”-2.}2 4+ eee 


-+ : ab"—! + 6", 


Too many people think they are learning mathematics while they 
are merely memorizing the new language. As well to memorize 
words from a French dictionary and fondly imagine that you 
are learning the French language, or to learn the logarithm table 
by heart, to master trigonometry! (I may mention that there 
is, in a certain state university, a legend of a Chinese student 
who told his trigonometry instructor that he enjoyed the course 
very much, but that he did find it very hard to memorize the 
tables. He had only succeeded in learning six pages so far!) 
The formule represent only a facade of our mathematical man- 
sion, or, if you like, a seaffolding. I might even go so far as to 
say that mathematics must be understood in spite of the formule. 
Unless you venture behind the formule, unless you realize that 
the formule themselves do not represent the thought processes 
of mathematics, but only the stations between thought processes 
and then the final result, so long ‘‘hast Du Seines Geistes keinen 
Hauch verspiirt.’’ 

We owe to the power of the symbolism of mathematics, as wel! 
as to a natural sifting process which is in each generation weed- 
ing out the useless contributions of former generations, the fact 
that we are not crushed under the accumulated load of more 
than two thousand years of mathematical research. To read 
critically all mathematical papers which appear at the present 
time would more than absorb the total time of any individual, 
so that we should be in serious danger of finding ourselves in 
the position of the gifted student of one of the foremost mathe- 
maticians of the nineteenth century, Jacobi: It is reported that 
this pupil could not be persuaded to do any original work, be- 
eause he felt ,obliged to first read all existing mathematics. 
Jacobi’s argument against this attitude was: ‘‘ Will you never 
marry because you do not have time to meet all the girls in the 
world, before choosing ?’’ 

These ideas help us to see more clearly the meaning of the term 
‘science of mathematies.’” During each generation we are 
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tempted to consider valuable every contribution which is new, 
original. From a higher viewpoint, we consider valuable in 
mathematies only what contributes organically to the science as 
a whole. Anything that leads us into a blind alley, that does 
not point the path to further progress may be amusing, may be 
interesting, but will usually not endure through the centuries. 
The feeling of reverence which the mathematician often feels 
toward his science is greatly enhanced by this sense of compact- 
ness, of elimination of what is not organically necessary. 

This development of the power to distinguish between what is 
fundamental in a science and what is really of minor importance, 
although it may at first appear more interesting than the basic 
factors, comes very late in the mathematical career of a student. 
In fact, it is one of the features hardest to acquire. However, 
it is so valuable that I shall assign to it a separate place in our 
schedule, and say : 

IV. Training to recognize fundamental features of a science, 
or of a situation. 

One more word about our symbolism! It is open to argument 
whether we should consider it a blessing or a curse that the 
different races of the earth separated before their spoken and 
written language had crystallized, so that we live among a 
myriad of tongues instead of possessing one universal language. 
But we surely have reason to rejoice that in mathematies and 
in some other sciences and arts we have well-nigh universal 
languages. To-day, the formula for (a+ b)" conveys the same 
meaning, without further explanation, to the American, German, 
French, as to the Hindu, Japanese, Chinese mathematician. Is 
there not in this something of cultural importance? 

Permit me a last remark in this direction. I am reasonably 
free of the narrow doctrine of Caucasian superiority over all 
colored races. I admire Chinese civilization, as far as I under- 
stand it. I regard the ancient Sanskrit writings (in transla- 
tions, of course) with proper reverence. I realize that the 
Hindus had attained to a peak of civilization at a time when 
dark barbarism governed Nordic Europe. Yet, in spite of per- 
sonal acquaintance with educated Hindus I held a conviction 
that present day Hinduism represented only a faint afterglow of 
a glory long departed. Alas for the sneaking sense of racial su- 
periority which I still held! Like a meteor from the sky, a little 
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over a decade ago, a young pure blood Hindu mathematician, 


Ramanujan, astounded European mathematicians by developing 
new methods for attacking some of the most difficult theorems 
in that most abstract field of mathematics, the theory of num- 
bers. Practically self-tutored in an Indian village, going through 
an Indian university with only the narrowest contact with Eu- 
ropeans, sullen, suspicious, afraid to divulge his new methods 
for fear they might be stolen, he suddenly stood forth as the 
peer of leading scientists of the world. We saw with illuminat- 
ing clearness that the creative genius of the race which perhaps 
gave to the world its wonderful notation for writing numbers 
is not extinguished. 

To us, to-day, it is obvious that we can write down numbers as 
large as we like, that is, our notation is powerful enough to ex- 
press any finite integer, by simply taking a sufficient number 
of digits. It is hard for us to realize that Archimedes had dif- 
ficulty in devising a notation which could represent any very 
large number. He did this in his famous ‘‘grains of sand’’ 
problem. If you do not quite sense the immense importance of 
a powerful system of notation, I invite you to multiply the two 
numbers MDCLXXVII and CCCLXIV_ without translating 
them into the Hindu-Arabie system. 

In Japan, as well as in China and India, there are to-day 
mathematicians who are internationally known. 

The roots of our present day mathematics go back to the 
ancient Egyptians, Assyrians, Chinese, Hindus, to the Arabs, 
to the marvelous Greeks; and we have lately unearthed evidence 
that South American Indians, before the discovery of America, 
apparently isolated from contact with any other civilization, had 
developed a very remarkable mathematies. 

It must be of great interest even to people who have enjoyed 
a minimum of college training in mathematics to trace through 
more than twenty centuries such a topie as the problem of 
algebraic solution of equations. Starting with the Greek and 
Hindu and Arabic methods for dealing with linear and quad- 
ratie equations, written in a system of symbols which appears 
to us now-a-days absurdly cumbersome, passing on to the ef- 
forts of Cardan, Tartaglia et al., Italian mathematicians of the 
sixteenth century, who succeeded in solving the general third 
and fourth degree equations, then farther through more than 
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two centuries of heroic and unavailing efforts to solve the gen- 
eral fifth degree equation by algebraic methods, until in the 
early nineteenth century two of the most tragie figures in the 
history of mathematics, the young Norwegian Nils Henrik Abel 
and the young Frenchman Evariste Galois succeeded in showing 
that the general fifth degree and higher degree equations are 
not algebraically solvable. 

The history of mathematics has become a large branch of sci- 
ence in its own right. In Europe and in this country live a 
number of well known mathematicians who devote their whole 
time and energy to it. 

Does it not strike you that a realization of the development 
of a science, embracing a span of thirty centuries and races from 
all parts of the world may contain elements of considerable 
cultural value? Let me then add: 

V. Mathematics is a common heritage from many races and 


many ages. 


SoME MATHEMATICAL CONCEPTS AND THEIR CULTURAL VALUE 


I have talked up to the present in very general terms. The 
remainder of my time I shall devote to more specifie topies. 

If we ask for a few general notions from mathematics which 
give us insight into problems arising in the extraneous world, 
and which are at the same time of sufficient generality to merit 
some degree of understanding even by people not interested in 
mathematics in a technical sense, I should like to mention the 
ideas of: functionality, continuity, a derivative as a rate of 
change, and an integral as a summation process. We will dis- 
cuss these notions very briefly in the order indicated. 

1. Functionality. We have a very simple function when we 
write y= 2", or (24) ==2*. We may assign to z any value, then 
y= 2° gives us a corresponding functional value. The graphi- 
cal representation of this function as a parabola is very familiar. 
Always, an ordinary function may be represented by a graph. 
This is of great help in a vast number of applications of mathe- 
maties. 

Why do we attach to this notion of functionality such great 
importance? Because it expresses our mathematical way of 
deseribing a law! It represents, as far as mathematics is con- 
cerned, a relation of causality, of cause and effect: if «3, 
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then y=9; if xa, then ya’. The law itself may have 
come from a mathematical problem (A=-r*), or, it may be 
derived from physies (s == 14gt*), or from chemistry (p= c/v), 
or from any field of science or engineering, ete., where we are 
able to establish quantitative relations governed by some law. 
You are familiar with the many attempts which have been made 
to let fundamental college courses in mathematics center around 
this notion of functionality. Whenever we deal with a law 
which is capable of mathematical representation, it translates 
itself into a function in the hands of the mathematician. 

2. Continuity. In everyday language, when we say a process 
is continuous, we mean that it has no sudden break. If a stone 
drops, or a wheel turns, the motion is continuous; if a gas ex- 
pands it must do so continuously. The feeling for this con- 
tinuity in natural processes led already in the middle ages to 
the saying: ‘‘Natura non facit saltus.’’ On the other hand, 
your price for a railroad ticket does not change continuously ; it 
jumps suddenly by at least one cent, but probably by four cents. 
Nor does a taxi-fare change continuously. In nature, however, 
unless you delve into the subatomie world, probably all processes, 
when interpreted in a natural fashion, are continuous. It seems 
therefore quite inevitable that the notion of continuity must 
be another fundamental idea. Unfortunately, as happens so 
frequently, what represents the most natural way of expressing 
this notion in mathematical form does not appeal to the layman 
as particularly simple: If y—f(x) is continuous at r= s2,, 
then lim {f(r + Ax) —f(a,)} 0, where it would require sev- 

zr=( 


eral hours to satisfactorily explain to a non-mathematician the 


meaning of the prefixed lim. 
Ar=0 


3. Derwative. The derivative of the calculus usually repre- 
sents for the uninitiated the very height of mathematical am- 
bition. Farther than that he dare not look, and I suspect that 








many a student has regretted looking so far. Already the i 
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your attention to the close relation between the mathematical 
definitions of continuity and of a derivative.) Let us see whether 
the derivative is really as terrifying as it appears. The deriva- 
tive df(x)/dx of a function expresses simply the rate of change 
of the function f(z) as compared with the rate of change of the 
variable x. For example, if f(x) = 32, so that for c= 1, f(r) 
==3, for z=2, f(z) 6, then f(x) is changing three times as 
fast as x is changing, and d (32)/dxr=-3. Now it may seem of 
little importance whether we know these rates of change of 
functions or not; but I assure you that nothing has been of 
greater importance in the whole history of mathematics, and, 
possibly, in the whole history of the sciences, than the introdue- 
tion of this ealeulus by the Englishman Sir Isaac Newton and the 
German G. W. Leibnitz, in the latter half of the seventeenth 
century. An entire new world was opened to the mathema- 
tician and the physicist. Let me illustrate by using the simplest 
examples. Suppose that we have a train moving with a uni- 
form speed of forty miles an hour. What does this mean? In 
t hours the train has traveled s==40t miles. The velocity, 40 
mi./hr., is nothing but the rate of change of the distance s as 
compared with the change of time, ds/dt=—40 mi./hr. This 
simplest case, where we are dealing with uniform motion, can 
still be completely understood without the use of limiting proe- 
esses, Which are characteristic of the caleulus. But now con- 
sider a body falling from rest. The distance s through which 
it falls in ¢ seconds is given by s==.Ygt*, as we know from 
physies. If we divide the total distance by the total time, we 
have of course s/t== Ygt, the average velocity of the falling 
body. However, this average velocity is attained at just one in- 
stant of the whole process; before this instant the average veloc- 
ity is greater than the actual velocity, afterwards smaller. How 
shall we obtain the true velocity at any instant? This is ae- 
complished in the following natural manner. Instead of con- 
sidering the whole time during which the body falls, imagine 
this time broken up into small time intervals Aft, for example 
into tenths of seconds: During any one of these tenths of 
seconds, the velocity will change but little although it may vary 
markedly in the different tenths. If the velocity be considered 
as not changing in one of these small time intervals, we have 
approximately uniform motion during this short period, and 
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during this period the velocity will be given by dividing the 
distance the body falls by the length of the time interval. The 
smaller the time interval is chosen, the smaller the error. By 
passing over to the limit, as one says, we obtain the true velocity 
at any given moment. Now the process just outlined is traced 
mathematically exactly, step for step, by taking the derivative 
of sagt, 
° =v= lim 39° ure Souk gt. 

I erave your pardon for having dealt in some detail with so 
familiar an example. One excuse for doing so is that I have 
repeatedly found extremely hazy notions in this respect even in 
candidates for a doctor’s degree in physics, with mathematies 
as a first minor. A second, better, reason is that such rates of 
change occur continually in nature. Their examination is one 
of the most important problems we have to deal with in our 
study of the physical laws of nature. Without explaining the 
statement in detail, I will say that the derivative very often 
gives us a tool for penetrating from the phenomenon to the 
underlying law, as in our case, where we pass from the observed 
phenomenon s == gf* to the underlying law v=gt. 

4. Integration. Integration is defined as the operation in- 
verse to differentiation; that is, given the rate of change of a 
variable quantity, to determine the quantity itself. In appli- 
cations, the fundamental importance of the integration process 
is apt to show up in an entirely different manner. Let us go 
back to our problem of the falling.body, and assume this time 
that we know the speed to be given by the same law as before, 
v=gt. We now consider unknown the distance s through which 
the body falls during the time ¢, and ask whether we can derive 
the value s=Wgt* from the known expression for the speed. 
You see the problem is the converse of the one considered above. 
Again, let the whole time be divided into small intervals Af, of, 
for example, one tenth of a second each. As before we may ap- 
proximately consider the body falling with constant velocity 
through any one of these little intervals. For any one such 
interval the distance fallen through will therefore equal this 
constant velocity times the length of the interval, with great 
approximation. Adding all of these products together we shall 
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have a sum which is written 


t 


‘ 
gt- At, 


t 


and this gives us a fair approximation to the total distance fallen 
through from the time t=0 to t-=-T7. This approximate ex- 
pression for the distance s goes over into the true value of s when 
we perform a limiting process, as we say, letting each little time 
interval Af approach 0. We are thus led to the limit of a sum- 


mation process, 


_ 
t=aT7 . 

lim >> gt- At = | gt-di = }¢? = s. 

aime fan 


t=) 


(1 call particular attention to the close parallelism in the sym- 
bolism employed to represent the sum and the integral.) We thus 
see that, starting from the velocity v—gt as given, we obtain 
the distance s l4gt* in the form of an integral, while when 
we start from the distance s, the velocity v is obtained as a deriv- 
ative. This will at least make plausible the fact that integra- 
tion really represents an operation inverse to differentiation. 
Again, without further amplifying my statement, I will merely 
say that the integration process permits us, in many eases, to 
derive from the underlying law (v=-gt) the observable phe- 
nomenon (s == lgt*). 

In both operations, in differentiation as well as in integra- 
tion, we have to deal with a so-called limiting process (At 
approaches 0, in our examples). These limiting processes form, 
as already stated, the distinctive feature of caleulus as contrasted 
with elementary mathematics—not with entire justification, as 
one recognizes when one considers the elementary ‘‘proofs’’ of 
the formule C = 2rr, and v == 4rr*/3 and s = 4rr* for the cir- 
cumference of a circle and for the volume and surface of a sphere, 
respectively. It is, however, generally conceded that ‘‘higher 
starts with the calculus. Whenever we are deal- 
ing with a formula in mathematies, or with motion, or with any 
process in nature which is capable of representation by a formula. 
in other words, whenever we are dealing with a function in 
mathematies, or with a law in physics, we are, except in the very 
simplest cases (uniform motion and linear functions), driven 
to ealeulus for any deeper investigation. 


? 


mathematies’ 
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In looking back, are we claiming too much when we say that 
the four notions which I have so inadequately outlined repre- 
sent, on account of their pervading generality, on account of 
their power of accommodation which enables them to deal with 
the most heterogeneous groups of phenomena from widely di- 
vergent fields, most powerful instruments for understanding the 
world we live in, and for penetrating to the very heart of the 
secrets of nature? 

Whether we deal with our vast universe, of which the solar 
system is but a very humble member, and our earth a totally in- 
significant speck, or whether we deal with the systems of mole- 
cules and atoms, of inconceivably small dimensions and yet each 
representing a complete little universe, or whether finally we 
deal with terrestrial objects of dimensions neither too gigantic 
nor too minute to be grasped by our senses, they are all dominated 
by the same laws of mathematics, and they all seem to yield to 
the same general types of treatment. 

Mathematies constitutes the most powerful means we possess 
to reduce the apparent chaos of phenomena in nature to at least 
a semblance of order; it creates law from anarchy, and while, 
to be sure, we have no guarantee that the type of order which 
we, by the aid of mathematics, project into nature really de- 
scribes the innermost causal connections between the phenomena, 
it does tend to create for us an harmonious picture of the uni- 
verse, a picture which has at least a definite relation to the deeper 
absolute reality which from the nature of our mind, must ever 
remain hidden from us. 


BEAUTY IN MATHEMATICS 


In these concluding remarks, I do not wish to dwell on the 
relations between mathematics and the arts, the keepers of the 
beautiful, important though these relations be. It is, indeed, not 
too much to say that some of our arts, such as drawing, and, 
if you are willing to count it among the arts, architecture, are 
firmly based on mathematical principles. Of the latter, this is 
obvious; for the former, I need only remind you of the laws of 
perspective. In music, too, we have strong mathematical ele- 
ments. One thinks immediately of Bach’s well tempered scale, 
dividing the octave into twelve tones, with a constant ratio of 
vibrations from one tone to the next, and leading to a geometri- 
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‘al progression of ratio ‘V2. Instead, I wish to emphasize the 
beauty of mathematies itself. 

I am sure we all agree that the appreciation of the beautiful, 
whether in art, in nature, or in science, contains elements of vast 
cultural value. It is my impression that this aspect has not 
been sufficiently emphasized in connection with mathematics. 
It is taken for granted, of course, that mathematics will appear 
beautiful to him who devotes his life to this exacting mistress, 
but it also seems to be assumed that the beauties of this science 
are by their nature hidden from the eyes of the layman. In a 
certain sense, this is undoubtedly true. There can be no greater 
thrill than is experienced by the searcher when he discovers a 
new truth, created by him, a child of his own mind. The crea- 
tive artist, as well as the productive scientist, knows full well 
that these rare moments represent the supreme heights of life. 
To quote from Kipling’s The Light that Failed: The young 
painter, Dick, who knew that he was going blind, did not think 
of the doom that was to overtake him, but ‘‘was swallowed up 
in the clean, clear joy of creation, which does not come to man 
too often, lest he should consider himself the equal of his God, 


b] 


and so refuse to die at the appointed time.’’ These exquisite 
thrills are not entirely denied to the enthusiastic amateur in 
mathematies, since there are numberless isolated theorems in 
elementary mathematics waiting to be born, most of them not of 
supreme importance, to be sure, and very few only destined to 
survive the centuries, yet of great beauty, and which would not 
require any technical training beyond the first year of college 
mathematics. May I be permitted to mention one of my own 
earliest experiences? I shall never forget the intense joy that 
filled my soul when I discovered, as a high school student, the 
following absurdly simple geometrical theorem concerning any 





two non-intersecting circles or, any two circles, the center of 
each of which does not lie in the other circle: A,A, = B,B,,. 
Ilere was something which I had created my very self, some- 


i thing which I knew, which I possessed, which, as I fondly 
thought, no other human mind shared with me, a secret truth 
F my own in a truer sense than any material object could be 


my own. What matter that the theorem is nothing but a tiny 
flower blooming at the feet of its gorgeous sisters which in their 
totality constitute the glorious garden of the mathematical sci- 
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ences! Across the years, I still look back on that little flower 
with tender feelings. 





Fig. 1 


The professional mathematician has come to regard with con- 
siderable respect contributions to the elementary parts of the 
science. A theorem may be interesting and important although 
it deals with simple questions, and many of the leading mathe- 
maticians of the world have contributed toward the develop- 
ment of elementary mathematics. But if we eliminate the de- 
light that accompanies original discoveries, is there not some- 
thing left for those who learn without creating? I am tempted 
to go so far as to say that there is a wealth of beauty in mathe- 
matics which can be appreciated by those who are not capable 
of proving the theorems or of even following the formal proof 
when it is presented to them. We respond to a Beethoven Sonata 
even though we be not able to read notes; we love a beautiful 
flower even though botany be to us a sealed mystery; the ma- 
jestic swing of the Iliad thrills us even though we know nothing 
of the technical rules of rhythm. I should like to maintain 
that a vast number of mathematical theorems have this same de- 
gree of fascination, through their sheer wsthetic beauty, their 
simplicity of statement and richness of content. Even if we do 
not feel inclined to go to the extreme of Pythagoras who twenty- 
five centuries ago is said to have sacrificed a hecatomb of oxen 
to properly express his exultation at having discovered the 
theorem in geometry that goes under his name, and although the 
theorem may have been spoiled for many of you by poor peda- 
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gogical methods, do you not feel the beauty of a poem in the 


theorem: In every right triangle the square over the hypotenuse 
is exactly equal to the sum of the squares over the other two 
sides, c? =a? + b*? For those whose pleasure is marred by 
unhappy recollections, I put down, without further explanation, 
two simple figures illustrating the lovely so-called Hindu proof 
of the theorem. 


Fig. 2a Fic. 2b 


lf properly taught, I believe every high school student will ex- 
perience a sensation of encountering something beautiful when 
he learns that in every triangle the altitudes, or the medians, or 
the bisectors of the angles, or the perpendicular bisectors of the 
sides, meet in one point. 

Not always is a beautiful theorem, even though the statement 
may be very simple, easily proven. For example, the thrilling 
theorem that every positive integer is either itself a square, or 
the sum of two squares, or the sum of three squares, or the sum 
of four squares defied all attempts at proof for over a century. 
The branch of mathematics which is known as the theory of 
numbers abounds in problems which are very easily stated and 
have been verified in thousands of cases, but which have never 
been proven in spite of heroic efforts of the best minds, stretch- 
ing over many centuries. 

Another charming theorem, this time from the very purest 
branch of geometry, projective geometry, and which is remark- 
able on account of the extreme degree of freedom which one is 
allowed in the choice of the lines used, is the following: Given 
any two straight not parallel lines, 1, and l,, and a point A not 
on either of them. Draw any four lines through A and complete 
the figure as indicated. Then the lines /,, /,, 1, always intersect 
10 
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in the same point. This may be used to construct a line which, 
prolonged, would pass through the point of intersection of two 
given lines, when the point of intersection falls outside the draw- 
ing board. 





Fig. 3 


From projective geometry comes also the following theorem 
which is of fundamental importance: Consider any four lines 
through a point A; let two new lines, J, and /,, each cut these four 
lines in the points @,, @,, a, @,,.and b,, b,, b,, b,, respectively. 
You will, if you are not familiar with the result, find it a very 
puzzling problem to establish any relation between the lengths 
of the segments cut off on /, and those cut off on /,. Such a 
relation is: 





(1) — Me b, — be 
ke 
ey Gah cS 
Ge — Ge bs — by 


It is expressed by saying that the cross-ratio of the four a-points 
is equal to the cross-ratio of the four b-points. Here, again, the 
mind is fascinated by the large degree of freedom left in choos- 
ing the lines I, and l,, leading in all cases to the same value of 
the cross-ratio. In pure projective geometry, measurement, 
of lengths is not based on an ordinary scale of ‘‘equidistant’’ 
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points, but on more complicated scales, and the cross-ratio of 
four points plays in this measurement a basic role. 

I believe these few examples, which could be multiplied in- 
definitely, will be sufficient to illustrate what I have in mind: 
Mathematics in itself possesses a marvelous beauty ; nor is it nee- 
essary to be a professional mathematician to secure a feeling of 
this beauty ; and, since cultural value must be aseribed to every- 
thing which enriches our life with new values of beauty, we are 
justified in including this aspect as a final argument for the 
cultural value of mathematics. 


HELP THE NATIONAL COUNCIL GROW! 


The total number of subscribers has increased from 4,344 in 
January 1928 to 4,819 in January 1929—an increase of almost 
400. It is hoped that teachers in those states where the mem- 
bership is low or has actually decreased will do all they can to 
present the work of the Council at their various meetings. 
Pamphlets describing the publications of the Council will be 
sent upon request. 
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CONTROVERSIES ON MATHEMATICS BETWEEN 
WALLIS, HOBBES, AND BARROW 


By FLORIAN CAJORI 


University of California 


In the writings of John Wallis, Thomas Hobbes and Isaae 
sarrow, persons proficient in the dramatie art will find rich ma- 
terial for a mathematical tragedy or comedy. Hobbes, the aged 
philosopher superficially versed in all fields of human knowledge, 
presumes to show mere professors of mathematics that a philoso- 
pher from his wider outlook easily disposes of problems which 
had baffled mathematicians for ages—such problems as squaring 
the circle, trisection of an angle and the duplication of the cube. 
Wallis, young and ambitious, a highly trained mathematician 
and gifted also in the power of satire and ridicule, demolishes 
Hobbes’ geometric structure, leaving no stone unturned.’ Bar- 
row, the theologian and mathematician, assuming the position 
of a superior judge, takes under advisement the various mathe- 
matical views advanced by Hobbes and Wallis, and finds some- 
thing to praise and much to criticise in the philosophy of both. 
Hobbes the septuagenarian emerges from the conflict battered 
and torn. Wallis shows little outward evidence of the struggle, 
but inwardly repents for the mass of ridicule which he had 
heaped upon the aged philosopher; Wallis refuses to have his 
controversial articles against Hobbes included in his collected 
works. Such in crude outline is the material available for the 
dramatist. We note a few of the topics discussed by these 
distinguished seventeenth century thinkers. 


FOUNDATIONS OF MATHEMATICS 


John Wallis of Oxford founded mathematies on arithmetie; 
Barrow founded it on geometry. The very title of Wallis’ most 
original book, the Arithmetica infinitorum, indicates his arith- 
metical procedure, even though the main subject of investigation 

1A good account of the controversial writings between Wallis and Hobbes 
is found in the articles ‘‘ Hobbes’’ and ‘‘Wallis’’ in the eleventh edition 
of the Encyclopedia Britannica. 
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in the book is the quadrature (7.e. determination of areas) of 
geometric figures. The work in which Wallis gives more ex- 
plicit expression to his views on the philosophy of mathematics 
is entitled Mathesis universalis: sive arithmeticum opus in- 
tegrum. With Wallis arithmetic was an abstract science to 
which geometry was subordinate. To Hobbes arithmetical and 
algebraic reasoning made little appeal, and he found fault with 
Wallis for excessive use of algebraic symbols. He insisted that 
Wallis ‘‘mistook the study of symbols for the study of geome- 
try,’’* and referred to the ‘‘seab of symbols’’ in Wallis’ geome- 
try of the conic sections. On the relative place of arithmetic 
and geometry, Barrow also disagreed’ with Wallis, but on other 
grounds. The viewpoints of both may be presented most com- 
pactly by reproducing Barrow’s quotations from Wallis’ Mathe- 
sis universalis, and also Barrow’s remarks on these quotations. 
The following extract from Wallis shows that he considered 
arithmetic the more general of the two sciences: ‘‘Simply be- 
cause a line of two feet added to a line of two feet makes a line 
of four feet, it does not follow that two and two make four; on 
the contrary, the former follows from the latter.’’* To this 
Barrow answers: ‘‘ Whence comes it to pass that a line of two 
feet added to a line of two palms cannot make a line of four 
feet, four palms, or four of any denomination, if it be ab- 
stractedly ... true that 2+ 2 makes 4? You will say, that 
these numbers are not applied to the same matter or measure ; 
and so say I too; from whence I infer that 2 + 2 makes 4, not 
from the abstract reason of the numbers, but from the condition 
of the matter to which they are applied.’’* Barrow starts from 
the consideration that only concrete numbers can be added, and 
those must be of the same denomination. From these concrete 
relations Barrow infers that abstractly 2 and 2 make 4. Wal- 
lis, on the other hand, begins with the concept of the numbers 
1, 2, 3, . . . disassociated from any particular objects or units 
of measure; with him 2+ 2= 4 is an abstract relation which 
ean be applied to special objects or units of the same kind. 

2 Thomas Hobbes, ‘‘Six Lessons to the Professors of the Mathematies,’’ 
in The English Works of Thomas Hobbes, edited by W. Molesworth, Vol. 
VII, London, 1845, p. 187. 

3 John Wallis, Mathesis universalis, Oxford, 1657, p. 69. 


4Isaac Barrow, Mathematical Lectures, transl. from the Latin by John 
Kirkby, London, 1734, p. 37. 
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Wallis’ point of view is brought out somewhat more sharply to 
the foreground by the following quotation from his book: °® 
‘‘The assertion concerning the equality of the number 5 with 
the numbers 2 and 3 taken together, is a general assertion, which 
is applicable not only to geometry but to all other things; for 
also 2 angels and 3 angels are 5 angels.’’ Barrow on the other 
hand maintains that ‘‘no particular number taken separately 
and absolutely can signify anything certain. ...I1 note that 
numbers of themselves can neither be added to nor subtracted 
from one another, so as in one case to compose a sum or in the 
other case leave a difference.’’® ‘‘ Mathematical number has 
no real existence proper to itself.’’ After showing how the square 
root of 3 years can be found geometrically with the aid of a 
cirele 4 yards in diameter. Barrow says that numbers like \/3 
‘feannot even in thought itself be abstracted from all magni- 
tude.’’ While he would not go so far as to expunge arithmetic 
out of the list of mathematical sciences, he affirmed ‘‘the whole 
of mathematics to be in some sort contained and circumscribed 
within the bounds of geometry.’’ The verdict of time has gone 
against the views of Barrow. Arithmetical analysis has been 
found a much keener and more powerful procedure than geom- 
etry. For example, the impossibility of the quadrature of the 
circle, the trisection of an angle and the duplication of a cube, 
by the use only of a pair of compasses and an unmarked ruler, 
has been established conclusively, not by reasoning involving 
geometric figures, but by reasoning involving arithmetical steps 
and the study of the properties of algebraic equations. Wallis 
anticipated some nineteenth century ideas on arithmetization. 
The most rigorous modern expositions of the theory of limits 
and of the differential and integral calculus rest on the modern 
number-system with its careful definition of irrational number. 


GEOMETRICAL PROPORTION 


Hobbes declares that Euclid’s definition of proportion is im- 
possible of application, because it requires an infinite number 
of tests." Four magnitudes a, b, c, and d are in proportion, ac- 
cording to Euclid,* if simultaneously one or the other of the re- 


5 J. Wallis, Mathesis universalis, 1657, pp. 73, 226. 
6 I. Barrow, op. cit., pp. 29, 35, 41, 45. 

7 Th. Hobbes, op. cit., Vol. VII, p. 243. 

8 Euclid’s Elements, Book V, Definition 5. 
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lationships, ma = nb, mc = nd, holds for any positive integral 
values of m and n. That is, if for a pair of values of m and n, 
we have ma > nb, then we must have also mc > nd, otherwise 
a, b, c, and d could not be proportional. But we are not certain 
that a, b, c, and d are proportional, unless we know that these 
inequalities or equalities hold simultaneously for all possible 
pairs of value of m and n. Hobbes insists that multiplication 
by all numbers m and n is impossible, for there are infinitely 
many of them. Indeed, since the span of our lives is finite, it 
is not possible to carry out separately each of these trials. Does 
not Hobbes’ criticism of Euclid appear altogether valid? The 
nature of this criticism is, by the way, the same as that levelled 
by certain modern mathematical philosophers against other work- 
ers in the field of transfinite numbers. Nevertheless, in spite 
of Hobbes’ criticism, Euclid’s definition has been widely admired. 
It has been declared to be equivalent to the ‘‘Dedekind cut,”’ 
famous in the theory of irrational number.® But to return to 
the seventeenth century, Euclid’s definition was staunchly de- 
fended by Barrow. He says truly:*° ‘‘This simultaneous De- 
feet, Excess or Equality may in some cases happen to quantities 
not proportional, but it happens to proportionals alone univer- 
sally.’’ Barrow proceeds to explain, by example, how a single 
test may suffice, for the same reason that proving that one ray 
of light travelling parallel to the principal axis of a parabolic 
mirror is reflected through the focus, proves that all such rays 
are reflected through the focus. The reduction of an infinite 
number of proofs to a single proof results from physical and 
geometric properties applicable to all rays. Barrow refers to 
Euclid’s proof that two triangles having the same altitude have 
their areas proportional to their bases, even when the bases are 
incommensurable."' Barrow is too verbose for quotation, but 
he shows that the infinity of trials are in this instance reduced 
to one trial because of the theorem previously established in Eu- 
clid that, in two triangles, having the same height, the area of 
the first triangle is equal to or greater than the area of the 
second, according as the base of the first is equal to or greater 
than the base of the second. 

9J. W. Young, Fundamental Concepts of Algebra and Geometry, New 
York, 1911, pp. 103-106. 

10 Barrow, op cit., p. 393. 

11 Euclid’s Elements, Book VI, Prop. I. 
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Hospes’ CLAIM THAT ALGEBRA AND GEOMETRY MAY YIELD 
CONTRADICTORY RESULTS 


If a is a number, the interpretations of a, a’, a’, 


“*square,’’ ‘‘eube,’’ respectively, caused Hobbes much trouble. 
So did \/a as the side of a square and Va as the side of a cube. 
He seriously objected to \/8 — (\/2)8, for ‘‘here the root of 8 
is put for the cube of the root of 2. Can a line be equal to a 
cube?’’?2_ Considering 9\/2—= \/162 he says, ‘‘How does 9 
roots of 2 make the root of 162?’’, for 9 multiplied into \/2 
gives a rectangle, but \/162 is a line. ‘‘I see the calculation 
in numbers is right, though false in lines. The reason whereof 
ean be no other than some difference between multiplying num- 
bers into lines or planes, and multiplying lines into the same 
lines or planes.’’ He was very realistic (should say material- 
istic?) in assuming a point and a line as having some thick- 
ness ; ‘‘every one line has some latitude.’? As Wallis expressed 
it: 1° ‘*Sinee it is, with Hobs, not conceivable for anything to be, 
which is not Body, it must be as impossible, for a Point to be 
if it be not Great.’’ Hobbes’ assumption established a cleavage 
between arithmetical and geometrical processes. He had given 
a construction effecting, as he thought, the duplication of the 
cube.'* A French critic pointed out Hobbes’ error by assuming 
suitable arithmetical values and proceeding arithmetically. 
There arose a discrepancy equal to the difference between 1682 
and \/1681. Hobbes claims that his ‘‘demonstration is not con- 
futed ; for the point Y will have latitude enough to take in that 
little difference which is between the root of 1681 and the root 
of 1682.’’ His geometry, he tells us, is not refuted by any but 
mathematicians, whose judgment in this case is not to be ered- 
ited. He felt that he had ‘‘wrested out of the hands of [his] 
antagonists this weapon of algebra, so as they can never make 
use of it again.’’ Barrow did not go to such extremes: ‘‘Be it 
far from me to take away or seclude a science so excellent and 
profitable as that- of numbers from the Mathematics. I will 
rather restore it into its lawful place, as being removed out of 
its proper seat, and ingraff and unite it again into its native 


as ‘‘line,’’ 





12 Th. Hobbes, op cit., Vol. VII, p. 66. 

13Hobbius, Heauton-timorumenos, or A Consideration of Mr. Hobbes his 
Dialogues, by John Wallis, Oxford, 1662, p. 31. 

14 Th. Hobbes, op. cit., Vol. VII, p. 60. 











os be alias 




















CONTROVERSIES ON MATHEMATICS 15] 


geometry, the stock from whence it has been plucked (p. 29).”’ 


Hobbes thought he saw an impassable chasm between algebra 
and geometry. He had Jost sight of the advantages resulting 
from the abstraction made by the Greeks which considers points 
and lines as having no thickness. In 1904 Horace Lamb, ad- 
dressing Section A of the British Association, said: ‘‘If any 
scientific invention can claim pre-eminence over all others, I 
should be inclined myself to erect a monument to the unknown 
inventor of the mathematical point, as the supreme type of the 
process of abstraction which has been a necessary condition of 
scientific work from the very beginning.’’ 

The reader will find much in Wallis, Hobbes, and Barrow, 
touching the philosophy of mathematics, which we omit for lack 
of space, such as the definition of parallel lines, the recognition 
of irrationals as numbers, the definition of an angle, the angle 
of contact, the possibility of applying the method of superposition 
to solid bodies, change of magnitude with change of place, the 
existence of indivisible lines, whether magnitude be peculiar to 
bodies or belong to spirits also, the eycloid, and infinity. 


If the National Council of Teachers of Mathematics is to really 
assist the classroom teachers of mathematics in America, we shall 
have to get more of them interested in the work we are trying 
to do. We are accomplishing a great deal at the present, but 
if we are to develop properly the group consciousness, group 
pride, and group enthusiasm which is so fundamental to success 
two things at least must be done. In the first place every teacher 
of mathematics should be a member of the Council and should 
read the MaTHeMaAtics TEACHER regularly. Secondly the teach- 
ers should read the Yearbooks faithfully so as to keep abreast of 
the times. We earnestly request the cooperation of every indi- 
vidual member of the Council in our attempt to bring this about. 
See the description of the Fourth Yearbook on page 188. 
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THE NEWER TYPE OF MATHEMATICS ! 


By JOHN A. SWENSON 
Wadleigh High School, New York City 


The Report of the National Committee on Mathematical Re- 
quirements appeared in 1922. This report makes recommenda- 
tions which when adopted will bring us into closer agreement 
with the mathematical curricula of the other leading countries of 
the world. What these recommendations are need not be stated 
here since they are familiar to most teachers of mathematies. 

The revised syllabus of the College Entrance Board, issued in 
1924, follows to a great extent the recommendations made by the 
National Committee. But this syllabus is fundamentally an 
examination syllabus intended primarily for a finished product, 
and hence need not concern itself with the order and the com- 
binations in which the various parts of high school mathematics 
should be taught. The tentative Regents’ syllabus in elementary 
algebra which went into effect this September follows the reeom- 
mendations made by the National Committee in regard to algebra 
and numerical trigonometry, but makes no provision for demon- 
strative geometry in the ninth school year. ‘The junior high 
school syllabus of the same date for the seventh, eighth, and ninth 
school years provides for a very limited amount of demonstrative 
geometry in the ninth year. Hence we have two conflicting 
syllabuses intended for pupils that must finally be brought to- 
gether in the tenth year of the senior high school. 

The Regents’ syllabus committee no doubt considers demon- 
strative geometry a desirable thing for the ninth school year, but 
was too timid to recommend its inclusion in the syllabus for that 
part of the ninth year population which is housed in the senior 
high school. Why this timidity about demonstrative geometry in 
the ninth year? On page 31 of its report, where schools organized 
on the 8-4 plan are dealt with, the National Committee says: 
‘‘Under these conditions it would seem desirable that the work 
of the ninth grade should contain both algebra and geometry. It 


1 Reprinted from Bulletin of High Points in the Work of the High Schools 
of New York City for December, 1928. 
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is, therefore, recommended that about two-thirds of the time be 
devoted to the most useful parts of algebra, including the work 
on numerical trigonometry, and that about one-third of the time 
be devoted to geometry, including the necessary informal intro- 


duction and, if feasible, the first part of demonstrative geom- 
etry.’’ 

In spite of these very plainly worded recommendations, many 
authors of old-fashioned algebras with a few pages devoted to 
numerical trigonometry, but no demonstrative geometry whatso- 
ever, have boldly announced in the preface: ‘‘This book follows 
the recommendations of the National Committee for the ninth 
year.”’ 

The recommendation of the National Committee in regard to 
demonstrative geometry in the first year of the senior high school 
has been tried in the Wadleigh High School for a number of years 
and found to work very satisfactorily. Obviously such pupils do 
better in their Regents’ examination in geometry than those who 
begin geometry in the tenth year. But this is not the end of the 
story. They also do better work in intermediate algebra. In fact, 
some of the brighter ones have been able to omit intermediate 
algebra and take advanced algebra immediately after plane ge- 
ometry. This is made possible by the fact that logarithms and 
graphs, both equation and statistical, are taught in connection 
with elementary algebra. 

When no Regents’ examination is given at the end of the ninth 
year, more time may be given to the development of concepts in 
mathematics and less to manipulations. This is a good deal 
better for the mathematical future of the youngster than the ex- 
treme attention some teachers give to mechanical manipulations 
and cramming for examinations. Schools which devote them- 
selves too exclusively to preparing for the Regents’ examination 
in elementary algebra, often have a hard time to finish the pres- 
ent syllabus in intermediate algebra. 

In demonstrative geometry the pupil meets his first chance for 
easy logical reasoning and, for this reason, he should be intro- 
duced to it as early as possible. If some geometry is given in the 
ninth year, there will be time to keep elementary algebra alive 
during the tenth year. This means using algebra and geometry 
together, which is a very good thing for each subject. Further- 
more, the time over which a subject is spread is very important. 















154 THE MATHEMATICS TEACHER 





It is, after all, the frequent coming back to a topic and meeting 
it in many different settings that makes it our permanent prop- 
erty and available for applications to practical situations when 
needed. Practically all the secondary schools of Europe teach 
their algebra and geometry together and spread them over a 
period of at least three years. 

Also, if demonstrative geometry is begun in the ninth year, it 
is comparatively simple to classify the pupils according to ability 
in geometry in the tenth year, if such classification is desired. 
Henee, it seems to me that a course in general mathematics is 
desirable for the ninth and tenth years. But it should not end 
there. Mathematics should be cumulative and aim to use every- 
thing in the subject of mathematics that has gone before. Inter- 
mediate algebra and the higher branches should continually use 
the subject matter of geometry and even enlarge on it, making 
use of more advanced methods made possible by the greater ma- 
turity of the student. Algebraic methods in geometry is a far 
better topic for intermediate algebra than many of the puzzle 
problems in algebra now so generally given. 

Throughout mathematics more attention should be given to 
general methods, since such methods will give a student more 
power and a better insight into what mathematies really is than 
a great variety of special methods. Such powerful tools and 
methods as differentiation and integration should be introduced 
in the twelfth year instead of the obsolete methods now used in 
advanced algebra and solid geometry. In accordance with the 
recommendations of the National Committee, calculus has been 
used in connection with advanced algebra, trigonometry, and 
solid geometry in Wadleigh for a number of years. These three 
old-time subjects have their usual portion of the program, but 
they have been related and unified by means of the calculus. 
But the contention of the National Committee that ‘‘ 
necessarily includes sufficient algebra and geometry to compen- 


ealeulus 


sate for whatever diversion of time from these subjects is neces- 
sary’’ has been completely justified. The power. gained through 
the introduction of the caleulus has enabled the students to pass 
the old-time Regents’ examinations in the three subjects referred 
to. 

In the Third Yearbook of the National Council of Teachers 
of Mathematics, Professor Nordgaard of St. Olaf College, North- 
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field, Minnesota, reviews the various changes that have taken 
place in the teaching of college mathematics, and under the head- 
ing of ‘‘ Reasons for the Change,’’ says: 

‘*There is no mistaking, however, which way the wind blows. 
The ealeulus is moving downwards.’’ 

‘The most patent, though not the most fundamental, reason 
for the change is the age in which we live. Thanks to our gener- 
ous system of high schools and modern means of communication 
the intellectual interests of the rank and file have never been 
so numerous nor has their participation in the conduct of the 
world’s affairs ever been so active as at the present time. Ours 
is a scientific age, and science speaks through mathematies, 
notably through the ealeulus. Not only do physies, mechanics, 
and engineering depend on the caleulus—everybody knows that 
but radioactivity, medicine, and actuarial science frequently 
state the results of their latest researches in calculus form. Even 
insurance, statistics, heredity, and education speak the language 
of the calculus. In these days of ocean flights the aviation 
journals frequently contain articles that can not be understood 
without at least some knowledge of this subject. To know some 
calculus has become a necessity for an edueated person.’’ 

Those of our educators who continually work against mathe- 
maties should keep in mind that with mathematics, as with any 
branch of learning, its practical and cultural value must be 
measured not by whether one can get along without it if one 
does not know it, but by whether and how mueh of it one will use 
if one does know it. 


As we go to press we are glad to announce a most successful 
program at the meeting of the National Council of Teachers of 
Mathematics at Cleveland on February 22d and 23d. The 
April number of the Maruematics TeEacuEer will contain most 
of the papers read at the meeting. 











A STUDY OF PROCEDURES USED IN THE DETERMINA- 
TION OF OBJECTIVES IN THE TEACHING OF 
MATHEMATICS 
By J. 8. GEORGES 


The University of Chicago High School 


The question of the general and specific functions of mathe- 
matics in secondary education has been a source of much dis- 
cussion and dispute for many years. The curriculum studies 
which have been concerned chiefly with attempts to determine 
educational objectives have used such methods as analysis of 
pupil activities, analysis of social needs, opinions of competent 
persons and authorities in the field, and analysis of existing 
objectives found in educational investigations, courses of study, 
and textbooks. The outcome of the specific influence of these 
studies has been the formulation of a great number of courses of 
studies with lists of general course-objectives and specific unit- 
objectives. While it is true that in many cases the teachers of 
mathematics, who should be the most vitally interested in the 
determination and evaluation of the objectives relating to their 
subjects have been consulted in the matter, nevertheless, in gen- 
eral the solution of the problem has been left to the ‘‘experts’’ 
and more ‘‘qualified’’ persons; the teachers have accepted the 
lists of objectives presented in the courses of study and have tried 
to attain them the best way they could. It is felt that as a point 
of pedagogical interest it is worth while to note the reactions of 


‘ 


teachers of mathematics toward the proposed lists of objectives 
and the procedures followed in their determination. This study 
reports the evaluation by a group of teachers of secondary school 
mathematies of the merits of certain procedures used in the 
determination of mathematical objectives. 

The study was conducted at the University of Wisconsin dur- 
ing the summer session of 1928. A list of six different pro- 
cedures was submitted to the writer’s class in ‘‘ Investigations 
in the Teaching of Mathematies,’’ out of which each member of 
the class was to select the ‘‘best’’ and the ‘‘least’’ efficient pro- 
cedure. Provision was made in the test for recommending a 
procedure either different from the six submitted or a combina- 
tion of any number of those submitted, if the student felt that 
such a procedure would be more efficient. In each case definite 
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reasons were to be given why a particular procedure was selected 
as the best or the least efficient. The results were then tabulated 
and submitted to the class for further study. The test is repro- 
duced below. 


‘*Suppose you are on a committee appointed by the Board of Education 
to formulate certain objectives for the course in mathematics which you 
are teaching. On the basis of these objectives a reorganization of the 
course is to be made. The following are some of the procedures employed: 

1, The bankers, merchants, professional men, ete., of the community 

are consulted and their opinions are used in determining the ob- 
jectives for the course. 

2. The pupil-activity of those taking the course is observed, recorded, 
and analyzed, and the pupils’ interests in the subject, as well as 
their dislikes for the subject, are made the basis for the formula- 
tion of the objectives. 

3. The objectives recommended by authorities in the mathematical world, 
such as the National Committee on Mathematical Requirements, 
are accepted. 

4. The teachers of mathematics on the staff of the school submit lists 
of objectives from which the committee selects the desired ob- 
jectives. 


qn 


. The committee studies the published works of those investigators in 
the field of education who have made a study of the problem, and 
follows their conclusions and recommendations. 

6. The courses of study of other school systems are consulted and a list 

of objectives is selected from them. 

Complete the following statements: 

1. I consider procedure No......... the best. 


2. I consider procedure No......... the least efficient. 


3. I consider the following procedure more efficient than any of 
those given. 
4. My reasons for selecting the above procedures are:’’ 

The 42 papers which furnish the data for this study are those 
of students who were either teachers of mathematics or super- 
visors of instruction. Table I, which presents data concerning 
their qualifications, shows that we may accept this group as a 
representative group of teachers of secondary school mathe- 
maties with average training and experience. 

Table II gives the frequency distribution for the submitted 
list of six procedures. The index numbers in column four are 
found by subtracting the number in the ‘‘least efficient’’ column 
from the number in the ‘‘best’’ column and dividing this dif- 
ference by the total; the ratios are then changed to per 
cents. The index numbers show that procedure No. 3 is con- 
sidered the best, with procedure No. 5 a close second; and pro- 
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TABLE I 


DaTA CONCERNING EDUCATION AND EXPERIENCE OF THE GROUP 


1. Academic training: 
No degrees; two or more years of college work 


Bachelor’s degree 
(Candidates for Maste 


Master’s degree 


(Candidates for Doctor’s degree) 


Total 


2. Teaching experience: 


No experience 
1-5 
6-10 years 

11-15 years 
16-20 years 


years 


Total 


Average experience- 


3. Type of positions held: 


cedure No. 1 is the least efficient, followed closely by 
No. 


mended other procedures, these results are to be interpreted in 


Teacher, junior high school 


Teacher, senior high school 


Teacher, 
Supervisor 
Principal 

Superintendent 


college 


Total 


6. 


r’s degree) 
. 5 


7.8 vears 


the light of the recommended procedures. 


CLASSIFICATION OF SUBMITTED PROCEDURES ACCORDING TO FREQUENCIES 


Procedure 


TABLE II 


Frequency 
Best Least Efficient 
aoe aoe 1 26 
etal 5 5 
ieeseaitva tess 16 2 
rere 6 2 
ancaiees 14 2 





Number 


3 ven 
32 76.2 
(21) 
7 16.7 
(5) 
42 100.0 
l 2.4 
16 38.1 
12 28.6 
10 23.8 
3 a0 
4° 100.0 
12 28.6 
22 52.4 
2 4.8 
2 4.8 
3 Be 
] 2.4 
42 100.1 


However, since about two-thirds of the group recom- 


Index 
r= 100(b — 1 
— 59.5 


0. 


28.6 
— 11.9 


Per cent. 


’ procedure 
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There were no new procedures recommended. Table III gives 
the classified list of procedures recommended by 69 per cent of 
the group, and Table LV presents the frequency distribution of 
the recommended procedures. The index numbers in column 3 
of Table IV are found as follows: The sum of the index num- 
bers of the procedures entering a combination from Table II is 
multiplied by the frequency of that combination, and the result 
is divided by the total. This gives proper weight to the proced- 
ures entering into a combination of any proposed procedure in 
view of their relative standing in Table II. 


TABLE III 


List OF RECOMMENDED PROCEDURES 
combination of procedures 1, 2, 3, 4, 5, and 6. 
combination of procedures 1, 2, and 4. 
combination of procedures 1, 4, and 5. 
combination of procedures 2 and 3. 


combination 


f procedures 2, 3, and 4. 
combination 


f procedures 2, 3, and 5. 


combination ¢ 3, 5, and 6. 


f procedures 
and 6. 
and 4. 


2, 
combination 2 
3 

f procedures 3, 4, and 5. 
3, 
3 


f procedures 
combination of procedures 


combination 


4, and 6. 


and 5. 


combination of procedures 
combination of procedures 


~ 
>PrrPrPr >> PF PP > P 


m, combination of procedures 3, 5, and 6. 


TABLE IV 


CLASSIFICATION OF RECOMMENDED PROCEDURES ACCORDING TO FREQUENCY 


Index 
Procedure Frequency I= f=r,/t 

eee oe eee 6 0 
ates aarti: oid ieee eee hl Si 1 —1.7 
SS ee haere anne ae See 1 — 0.7 
ET Pa ay ee ee 2 + 2.3 
- Sis nee ce ee lreeurae 1 + 1.4 
| RE ae ee 1 + 2.1 
aS ad eons aia ie erie Waele eanee 3 + 5.2 
ee ee ye ee 1 — 0.4 
Se er ree en ee 1 + 1.4 
Pe See ne See eres 1 + 2.5 
SE EE RT SO 2 + 2.1 
EE at Se ees roe j + 14.9 


Sie ei buh aie bss Mine Sia eA + 3.4 
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The results of Table LV definitely show that procedure 1, 
which is a combination of submitted procedures 3 and 5, is the 
best procedure to be used according to the judgment of 69 per 
cent of the group. Reealling that procedure No. 3 represents 
the acceptance of the objectives recommended by the National 
Committee, and procedure No. 5 follows the conclusions and 
recommendations of investigators in the field of objectives, the 
best procedure recommended is a combination of the two, or 
rather a modification of the one in view of the other. Of the 13 
members of the group who did not propose any new procedures, 
4 selected procedure No. 3 and 5 selected procedure No. 5 as the 
best. Combining this with the fact that proceedures Nos. 3 and 
5 stand first and second respectively, according to the judgment 
of the whole group, we conclude that procedure / receives the 
sanction of the group as a whole, that is, the best procedure to 
be used in determining objectives for courses in secondary school 
mathematics is to follow the recommendations of the National 
Committee, modifying the list in view of the findings of in- 
vestigators in the field to meet the loeal demands of the school. 

The reasons given by the members of the group for or against 
the use of a procedure, either alone or in combination with other 
procedures, were classified according to the procedures, and are 
presented here, because of their significanee in showing to what 
an extent the judgment of this group of teachers may be accepted 
as reliable. They reflect in an interesting way the opinions ex- 
pressed by Tables II and IV. 


REASONS FOR SELECTING A PROCEDURE OR FOR ITS USE IN CONNECTION WITH 
OTHER PROCEDURES 
Procedure 1. 
1. Would bring in the practical point of view. 
2. Would eliminate useless contents. | 
Procedure 2. 
1, It is an experimental type of procedure. 
2. It is a scientific method. 
3. It is the natural and logical way. 
4. Objectives would be efficient and practical—would meet the needs 
of the pupils. 
5. Objectives differ in different communities. 
6. Would eliminate the objectives beyond the pupil’s ability. 
7. Cannot put the subject across without taking account of the pupil’s 
interest. 
8. Objectives based upon the interests of pupils can be readily realized 
(attained). 








P 


C. 





OBJECTIVES IN TEACHING MATHEMATICS © 161 


9. 


Pupil is the most important person in the world today. 


rocedure 8. 


A. The personnel of the committee. 

1. Committee made up of authorities in field. 
2. Committee made up of men of experience. 
3. Men who are the cream of the mathematical world. 

4. Membership included representatives of the various fields 
experts in mathematics, teachers of mathematics, investi 
gators in education, administrators. 

Committee included the best representatives the country over. 


Committee was in position to carry on extensive investiga 


tions. 
B. The technique used, 


1. Have made a careful study of the problem. 

2. Have covered the entire field. 

3. Have considered the needs of the children. 

4. Study includes every activity of life. 

Considered the problem from the viewpoint of the teacher 
as well as the pupil. 

6. Considered social, voeational, as well as the intellectual 
phases. 

Included the opinions and work of investigators in the field. 

8. Consulted business men. 

Carried on experiments and investigations on various prob 
lems. 

10. They used the best methods available. 

11. Work entended over a long period of time. 

12. Work carried on in an orderly manner. 

3. Studied analytically the values of different methods, or 

ganizations, and objectives. 

14. Study acknowledged as an efficient piece of work. 

The list, of objectives presented, 
1. Results applicable to all schools. 

2. List of objectives is complete. 


3. Results are reliable, based on scientific investigation. 


Objectives are correct, based on best methods of teaching. 
List represents the broader point of view. 
6. Objectives have been determined by experience. 


7. Objectives have guarded the mathematical side of the ques 


tion. 


8. Results are presented in readable form. 


Procedure 4. 


A. 


The training of teachers. 
1. Are familiar with the field of mathematies. 
2. Know the possibilities of correlating mathematies with other 
subjects. 


3. Know the requirements for college entrance. 
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B. The experience of teachers. 


. Have opportunity to study pupil activity. 


2. Know the needs of their own school. 


3. Know what findings of investigators are better suited for 


their schools. 


4. Could decide on th; teachability of objectives. 
5. Have knowledge of immediate needs. 
6. Could use other procedures and determine workable ob- 


jectives. 
From experience would eliminate the undesirable objectives. 
. Would consider objectives from all angles. 


C. The interest of teachers. 
1. They are most vitally interested in the problem. 
2. They would make a careful study of the investigations of 


others. 


3. They are unprejudiced. 
Procedure 5. 

A. The investigators. 
1. Have studied the problem carefully. 
2. Have considered all the elements of the problem. 
3. Are interested in the problem. 

B. The technique. 
1. More expert procedure used. 
2) 


A combination of all other procedures. 
3. Probably based upon sound educational philosophy. 


4. Results more reliable because proved experimentally. 
5. Objectives based on practicability as working in various 


school systems. 


6. Results of a general character, applicable to all sections of 


the country. 


7. Results based upon a scientific method of research. 
8. Results based upon’ experimentation. 
Procedure 6. 
1. Wou.d standardize the scope of material. 
2. Cities like Fresno, St. Louis, Denver, that have spent much money 
and employed experts to set up proper objectives. 
Might include the objectives of those schools which are of a higher 
standing than own school. 
Something gained by investigating the work done by other schools. 
Profit by the experience of other schools. 


REASONS AGAINST SELECTING A GIVEN PROCEDURE, OR USING IT IN CONNEC- 


TION WITH OTHER PROCEDURES 


Procedure 1. 
A. Bankers, merchants, professional men, are not capable to discuss 


or solve pedagogical problems. 
1. Do not know technique of teaching to formulate workable 
objectives. 
2. Have little or no knowledge of sound pedagogical principles. 
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3. Professional knowledge of little value in organization of 


school subjects. 

4. Have no knowledge of the teachability of the material they 
would suggest to be included. 

5. Have no knowledge of child needs (at that age). 


3. Would not consider the teacher’s viewpoint. 

7. Would not consider the learner’s viewpoint. 
8. Have no idea of end to achieve in mathematics. 
9. Unable to see 

a. Disciplinary values of mathematics. 

b. Cultural values of mathematics. 

c. Recreational values of mathematics. 

d. Social values of mathematics. 

e. Appreciation of mathematical concepts. 

f. Formation of good mathematical habits. 

B. Bankers, merchants, professional men do not have an adequate 
mathematical training which is necessary for a compre- 
hension of the true objectives of mathematical instruction. 

1. Know little or nothing of algebra and geometry. 
2. They confess that their knowledge of mathematics is very 
limited (next to nothing). 

C. Because of their special interests, bankers, merchants, and profes- 
sional men would have a prejudiced viewpoint. 

1. Recommendations based only on personal opinion. 

2. Opinion of business men not reliable. 

3. Objectives would be only vocational, they see only the prae- 

tical side. 

4. Objectives would be based upon the use of mathematics in 
business or profession, and that is very limited. 

5. Point of view would be decidedly warped. 

6. Would have a cramped idea of the problem. 

7. Their opinions fluctuate with every tide. 

8. Opinions based upon quick judgments. 

D. Objectives proposed by bankers, merchants and professional men 

would not be sound educationally. 

1. They are not interested in the field. 

2. They have given little previous thought to the problem. 

3. The man about town will tell more about running a school 
than any trained or experienced educator. 

4. Everybody’s business is nobody’s business. 

5. They are too busy and would not give sufficient time to the 
study of the problem. 

6. They are not in position to make special studies in education. 

7. Objectives would be only of a local nature. 

8. Objectives other than just the community needs should be 
considered. 

9. Mathematics would be curtailed. 

10. Not enough objectives—could teach the whole course in three 

or four weeks. 
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Procedure 2. 


1. Too many elements involved—type of pupils, method of presentation, 
personality of teacher, ete. 

2. Likes and dislikes depend upon the course, hence the resulting ob 
jectives would depend upon the course. 

3. Pupils’ likes and dislikes have nothing to do with objectives. 

4. Personal likes and dislikes often determined by unimportant factors 

5. Children are prejudiced against mathematics. 

6. Interest varies from year to year. 

7. Few of the aims ever realized in a class. 

8. Method is not scientific. 


> 


Procedure 3. 
1. Objectives too theoretical. 
2. Objectives based upon opinion. 
3. May not meet the local needs and requirements. 
4. Not applicable to every section of the country. 
5. Results are old now, should not be taken as a whole in every com 
munity. 
6. Recommendations should be tested out by local experiments. 
7. Objectives should be supplemented from other sources. 
Procedure 4. 
A. The teachers. 


Not capable to decide. 


2. Their experience in research and observation very limited. 
3. Have limited knowledge of the problem. 

4. Not capable to consider all objectives. 

5. Would select objectives without knowing whether good or not. 


6. Would give answers on the spur of the moment. 
7. They lack perspective in the general objectives of education. 
8. Inadequate experimental background. 
B. The method. 
1. Highly subjective. 
2. Based upon loval conditions. 
C. The objectives. 
1. Would be second hand. 
2. Would have no verification back of them. 
Procedure 6. 
1. Lacks elements of locality. 
2. Not broad enough in scope. 
3. Not primarily concerned with mathematies. 
4. Many educational investigators not mathematicians. 
5. Many educational investigators not experienced teachers of mathe 
maties. 
Procedure 6. 
1. Danger in ‘‘ecopy work.’’ 
2. Not sure how functioning. 
3. No knowledge of how objectives were selected, 
4. May not prove practical in local schools. 
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Conclusions: Bearing in mind that the opinions of a very 
small group of teachers, no matter how representative, can at 
the best only reflect in a very limited way the reactions of 
teachers of mathematics toward any educational policy, the re- 
sults of this study are to be interpreted not as a critical analysis 
of the merits of any particular proceedure, but rather as indica- 
tive of the extent of teachers’ interest in one of the fundamental 
problems in the teaching of mathematies. We are told that a list 
of objectives ‘‘should not be imposed upon the schools by some 
higher authority ; on the contrary it should be the result of much 
thought and discussion on the part of those who will actually 
use it, who know the work of the class room, and who themselves 
are the authority as to what can be expected of children.’’ ! 
We ask the reader, who may be a teacher or investigator or both, 
whether this group of teachers have or have not shown them- 
selves qualified, by their judgments as herein reported, to solve 
the problem of the determination of objectives satisfactorily. 
The following points of interest are to be noted: 


1. That the report of the National Committee on Mathematical Require 
ments has had great influence upon research and investigation in the prob 
lem of the determination of the objectives of mathematics; that the recom 
mendations of the Committee are to be followed closely, taking into con 
sideration such modifications as are necessary to meet the local needs; and 
that the work of the Committee is considered as of outstanding importance 
by the teachers of mathematics. 

2. That the work done by such investigators as Schorling, Reeve, and 
others, has had definite influence in the formulation of courses of study; 
that the findings of these men, who are also teachers of mathematics, are 
accepted by the teachers of secondary school mathematics as of greater 
significance than those of educators whose primary interests are not mathe 
matical in nature. 

3. That such studies as Wilson’s employing the opinions of business and 
professional men in the determination of mathematical objectives are not 
looked upon with favor by the teachers of secondary school mathematics. 

4. That pupil activity analysis, so much stressed by some educators, is 

not a dependable procedure to be used alone in the determination of mathe 
matical objectives. 
5. That most school systems may find it profitable to accept the lists 
of objectives determined by investigators in the field and modify the list in 
view of the recommendations of the National Committee to meet their local 
demands. 


1 Smith, David Eugene and Reeve, W. D. The Teaching of Junior High 
School Mathematics, Ginn and Company, 1927, p. 1. 
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THE USE OF MATHEMATICAL HISTORY IN 
TEACHING * 


By J. O. HASSLER 


Norman, Oklahoma 


For several centuries subject matter was considered the only 
thing of importance in a course in mathematies. Then came a 
demand for the teaching of the applications of mathematics. Con- 
sequently there was written into our textbooks various types of 
applied problems. In the old order of things it was considered 
sufficient for the pupil to prove as an exercise-theorem that if 
the diagonals of a parallelogram are equal the figure is a ree- 
tangle. Now we suggest in connection with this exercise that a 
boy may test his accuracy in laying out a rectangular tennis 
court by measuring the diagonals. In more recent years we have 
also come to the realization that there is educational value in 
knowing the history of the subject ; consequently we tell the pupil 
how and when the human race first discovered and proved this 
important fact about parallelograms with equal diagonals—or 
any other important and useful part of mathematics. So, in the 
last quarter of a century, we find the history of mathematics 
creeping into our high school textbooks. Let us consider then 
what value may be found in the history of mathematics, either 
in high school or college teaching, and how we may make use of 
mathematical history in teaching. 

A knowledge of the history of the development of the mathe- 
matical processes he is learning will kindle the pupil’s interest 
in the subject matter. 

We hear much about human interest, the personal touch, and 
similar sentiments. Any newspaper publisher knows that mat- 
ters pertaining to people have a greater news value than matters 
pertaining to things. He increases the circulation of his paper 
by printing what he knows the people like to read, and most of 
the people like best to read about what other folks have done or 
are doing. A reporter’s orders are to get the names and facts 
about the people involved in a story, with pictures if possible. 

* Read before the Kansas Mathematics Teachers Association at Topeka 
on February 2, 1929. 
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A plain story about an automobile wreck would attract only 
momentary interest if told without the names of the people con- 
cerned in it. Whether we know the victims of the aecident or 


not, there is always some item concerning their lives or person- 
alities that gives human interest to the news. So we pause in 
our reading because of the human interest and the incident is 
indelibly stamped upon our memory. I am sure that we all 
agree that the touch of human personality is the greatest factor 
in making news interesting. 

We all know that efficient learning goes hand in hand with 
interest in the subject. Therefore, in seeking schemes to motivate 
the learning of fractions, for example, why not remove some of 
the abstractness from the processes by connecting them with 
human beings and let the pupil see how folks have struggled 
through greater difficulties than his to develop and simplify the 
rules he is learning? Would it not add toa seventh grade pupil’s 
interest in fractions to be told something like the following? 


Long, long ago when people could count only with the help of their 
fingers and toes, they had no need for fractions. Their herds could be 
counted in whole numbers. Their war clubs could be counted in whole 
numbers. Such an idea as half a tent or half a tree did not occur to them. 
As they became more civilized they tilled the fields, raised grain, and in 
various ways dealt with smaller things. Then the idea of measuring things 
gradually entered their minds. Corn and wheat came to be measured by 
bushels (or some + 0 measure) and soon they had half bushels and other 
fractional parts. It was thus that the idea of a fraction probably origi 
nated. The invention and use of fractions marked a very important step 
forward in civilization. Because of their invention in an arbitrary manner 
they are sometimes called artificial numbers, the whole numbers being called 
natural numbers. 

Let us imagine a schoolboy of ancient Babylonia, in southern Asia, as he 
studied arithmetic more than 6000 years ago. With a hard, blunt-pointed 
instrument he made peculiar-looking wedge-shaped symbols on a soft, 
smooth clay surface. He could erase them with a flat board by patting the 
surface smooth again. His textbook, if he had any, had been written 
the same way on a sort of clay brick and had been baked hard so that the 
symbols could be erased. You wonder whether he had to learn fractions? 
He did, and to you his fractions may seem clumsy. All his fractions were 
60ths, 3600ths, 216000ths, and so on, all the denominators being multiples 
of 60, just as our decimals are based on 10ths, 100ths, and 1000ths, and 
so on, all the denominators being multiples of 10. He wrote them much as 
you write decimals, omitting the denominators. 

About the same time that the Babylonian youth was dealing with his 
60ths, some schoolboy down in Egypt was struggling to express all his frae- 
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tions with 1’s for numerators. No one there could conceive of a fractional 
part other than the unit fraction. The Egyptian lad was taught to write 
2/3 as (1/2 +-1/6), 7/8 as (1/2 + 1/4+ 1/8). 

A few thousand years later we find a Roman schoolboy basing his frac 
tions on 12ths, or with multiples of 12 as denominators, as the Babylonian 
used 60ths. 

Out of the centuries of effort has grown our present system by means of 
which we deal easily with problems in business and common life that would 
have been very difficult, or quite impossible, for even the most learned 


scholars of those ancient times. 


Suppose a pupil is trying to master the rules of operation with 
what seems to him to be very abstruse algebraic symbols. — It 
ought to awaken his interest to some degree to be told, for ex- 
ample, that the symbols as he is using them were scarcely known 
and used by very few when Columbus sailed for America; that 
an Alexandrian Greek, Diophantus, living in the latter part of 
the third century, was the first person known to use any sys- 
tematic form of abbreviation in mathematics; that his abbrevia- 
tions were very crude and limited; that he used a symbol not 
unlike an inverted h,h, for the unknown in an equation; that 
Vieta, a Frenchman living in the sixteenth century, was the first 
to use a complete system of symbols in algebra as we do; that he 
used the vowels, A, E, I, O, U for unknowns; that he was a rich 
man that could pay to have his work published, thereby causing 
the spread of his methods; that Deseartes, the man who intro- 
duced coordinates into mathematics, a generation later origi- 
nated the custom of using x, y, and z for unknowns; that Robert 
Recorde, an Englishman (1557), first used the sign, —, for ‘‘is 
equal to’? and explained that he did it to save time, adding 
that no two things could be more equa! than a pair of parallels; 
that p and m were used for a long time for plus and minus; that 
students in American universities less than 200 years ago wrote 
aaaaa instead of a> though Descartes had used the exponential 
symbol a century before ; that several methods were used to point 
off decimals before our present one became popular, people once 
writing 7 |-465 to mean 7.465; that we have no internationally 





uniform method of pointing off decimals yet, the English using 
the decimal point higher than we do (7-465) and some Europeans 
the comma (7,465). 

Besides seeing the personal touch of human beings in the sub- 
ject matter he studies, the pupil should react in a wholesome 
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manner to the mere information about the origin of the things 
he is trying to learn. Thus they lose some of their abstractness. 
They become more concrete and real. 

A knowledge of the history of mathematics on the part of the 
teacher gives him a source upon which he may draw to enrich 
and enliven his teaching. 

There should be intervals of recreation in all labor. In periods 
of sustained and concentrated mental effort it is restful to have 
a recess in the nature of a change of thought. The suecessful 
public speaker realizes this and his speech is punctuated with 
jokes or stories. He does not allow his audience to grow tired or 
dull by too much concentration on a weighty subject. 

In a mathematies class there is usually a sufficient variety of 
material in problem solving, but problem solving day after day 
vrows monotonous. Some teachers enrich their teaching by 
illustrations of the various uses of mathematics. In addition to 
this every teacher ean and should have stored in his mind ready 
for use the stories of the great mathematicians. In a few sen- 
tences the class can be told when studying similar triangles how 
Thales went down into Egypt and astonished the king by meas- 
uring the height of the pyramids without touching them. Many 
interesting stories of Pythagoras can easily be found. When a 
veometry Glass first learns to construct a perpendicular to a line 
they can be told that Oenopides, a Greek astronomer, was the 
first to do it, and he ealled it a gnomon-wise line after the gnomon 
that he and other astronomers would set up in a vertical position 
to cast a shadow for the purpose of determining the altitude of 
the sun. He needed to know how to set up a perpendicular and 
out of the necessity grew the solution of the problem. 

What better impression could be made on a beginning class 
in geometry, wondering what it is all about, than to tell them 
something like this at the first meeting ? 


The sources of geometry have been in the world from the beginning. 
Little by little, through the ages, man has discovered geometric relations 
as he has needed them. When the earth was formed its shape was made 
nearly like a sphere. Men were forced to study the properties of a spheri 
cal surface in order to sail a very long distance away from the sight of 
land. With the first leaves there grew a symmetry that can be expressed 
only in geometric terms. When the bees needed a type of cell that would 
give them the greatest room for honey with the least amount of cell walls 


and no waste space, they chose a geometric form (hexagonal) for their 
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cells. They had been storing honey in hexagonal cells for untold centuries 
before the mathematicians proved that hexagons of the same size with 
sides and angles equal may be fitted together on a plane in such a manner as 
to completely cover it. As civilization developed men began to discover 
more and more of the geometric relations we know so well. You have 
learned formulas for the measure of the areas and volumes of plane and 
solid figures. Has it ever occurred to you that there was a time when men 
did not know these formulas? 


From this introduction it is easy to lead up to the Rhind Papy- 
rus and some of its erroneous rules for areas, which should be 
compared with our formulas for the same. The Egyptian value 
of z (16/9)*, the Hebrew value, 3, the Chinese value \/ 10 and 
the Hindu value 142/45 should all be compared with the value 
we use. 


The question arises at once, ‘‘Which method is the correct one?’’ or 
rather, ‘‘How do we know that our formulas are correct?’’ The study of 
f 


measurement. Its conclusions represent the result of centuries of study to 


geometry will convince us that we are right within the limit of errors 


improve and extend existing knowledge. Fact after fact was discovered 
and error after error corrected. The ancient Egyptians were satisfied 
when they had learned enough to resurvey their fields after each annual 
overflow of the Nile, which wiped out their boundaries. Because of this 
use of geometry the Greeks gave it its name which means literally ‘the 
measure of the earth’’. But the Greeks were not satisfied to accept the 
Egyptian mensuration formulas and other practical rules and go no farther. 
They tried to and did establish new facts and relations about triangles, 
squares, rectangles, circles, and other geometric figures. During the six 
centuries just preceding the Christian era they were very active. They 
studied the subject for its own sake rather than for the practical use of 
it. Some of the theory they developed has found applications in the cen- 
turies that followed. The things they did are the heritage of the centuries 
and on them is based a great part of our practical mathematics, modern 
architecture, and engineering, as well as much of our art. 


Such an introduction will not only stimulate interest in the 
subject but will help the teacher to win the approbation of the 
class and enlist the hearty cooperation of the pupils in the coming 
adventure. 

When the time comes in the course to begin proving theorems 
by the assumption of postulates and axioms the class should be 
told of Euclid and the Elements. 

A story of the development of trigonometry can be given 
which is just as interesting to the class in trigonometry and a few 
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words as to the life and works of Descartes will be interesting 
news to the class in analytic geometry. 

A knowledge of the history of mathematics gives both pupil 
and teacher an appreciation of the value of the subject and its 
inseparable and vital connection with the development of civiliza- 
tion. 

Our number system and the operations on numbers, our frae- 
tions, our algebraic symbolism, our geometry, our calculus, all 
were developed as the need for them arose in the progress of 
civilization. It is only fair to the pupil to let him see this, 
whether he be a high school or college student. As teachers we 
should certainly be fully informed on this subject. If the stu- 
dent is taught the history of mathematical processes he will see 
that they were not handed down from a mountain of inspiration 
but are the fruits of laborious thinking in the long and tedious 
journey up from barbarism to civilization and were developed 
for the most part as necessity demanded. He will see the worth 
while contribution that geometry has made to scientific progress 
from the time the ancient ‘‘rope stretchers’’ of King Sesostris 
laid out the right angles of their land surveys along the banks of 


‘ 


the turbulent Nile to the present day when Einstein, forming a 
theory to explain the mysteries of the universe, assumes that 
figures may not be moved about in space without change of shape 
or size. He will see its contributing influence on art and eulture 
to such an extent that he should feel that it is as much worth 
while to know about it as to know about many other subjects in 
the curriculum that do not contribute to his ability to earn a 
greater wage immediately on leaving school. He will see what a 
heritage is his. 


The Bureau of Publications of Teachers College, 525 West 
120th Street, New York City, still have copies of the Seeond and 
Third Yearbooks of the National Council on hand. These will 
soon be exhausted and many teachers to say nothing of libraries 
will be unable to secure them. Mr. C. M. Austin has taken it 
upon himself to dispose of 50 copies of the Fourth Yearbook as 
well as the others. Let us have a number of our members of the 
Council follow Mr. Austin’s example. 
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MATHEMATICS IN INDUSTRY AND RESEARCH '! 


By E. J. MARTIN 


Physicist General Motors Corporation Research Laboratories, 
Detroit, Michigan 


In discussing mathematics in industry and research I have in 
mind the role of the mathematical sciences in industrial work 
undertaken to improve the products of industry, assure satis- 
factory supplies of raw materials, lower manufacturing costs 
predict as far as possible future demands in various divisions of 
the market, facilitate distribution, and prepare the way in ad- 
vance for the creation of new products when it seems advisable. 
It is the purpose of this paper to illustrate the importance of 
mathematical training for the personnel selected to solve these 
problems. 

To improve a device of any kind it is necessary to understand 
the principles upon which its operation depends. It is true that 
accidental discoveries sometimes play important parts in the 
development of industrial products, but even in such cases care- 
ful systematic analysis generally increases the value of such dis 
coveries. Men who are fortunate enough to hit upon things acei 
dentally must have sufficient training to recognize and analyze 
the underlying principles and apply them properly in making 
improvements or be left out of the picture by those that are 
properly trained. To increase their knowledge of the scientific 
prineiples underlying their products, the larger and more pro- 
gressive concerns employ and thoroughly equip large staffs for 
engineering experiment and research work. Such groups are 
not merely clusters of individuals working in seclusion to make 
startling discoveries; on the contrary, they are carefully selected 
so that all branches of science bearing on industrial problems are 
well represented. They are usually backed by very good tech- 
nieal libraries and all the equipment they need. The research 
programs are carefully made out and the problems freely dis- 
cussed in conferences. The reports on laboratory progress are 
sent to the right men in charge of production. 

When one considers the complexity of some of the common 

1 Read before the Michigan Educational Association October 26, 1928. 
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commodities to which such thorough research methods are ap- 


plied, it is easy to see that industry requires men well trained 
in the mathematical sciences and consequently in mathematics. 
Kor example, let us consider such articles as electrical generators 
and motors, telephones and loud speakers. Research on the prob- 
lems connected with these items requires a thorough knowledge 
of electricity and magnetism, mechanics and acoustics. In the 
study of electrical refrigeration there is need for a knowledge 
of the above subjects plus thermo-dynamies. In this particular 
work extensive tests must be made to determine the thermal 
properties of materials for the purpose of keeping those pur- 
chased up to standard as well as to develop new ones. 

In the automotive industry the problems are very numerous 
and worthy of the efforts of men equipped with the best scien- 
tific training our educational systems can give them. The test- 
ing work done by this industry to maintain the standards of the 
raw materials it buys, as well as the quality of its product, is 
worth mentioning by itself. An automobile with its occupants 
may be regarded as a small community on wheels. In devising 
tests that are representative of the unusual wear and tear to 
which the materials are subjected in one of these communities, 
there is opportunity for many trained men to show their original- 
ity as well as ingenuity. Such testing often requires instruments 
that cannot be bought; they must be developed by the staff and 
constructed in a shop equipped for such work. Materials that 
are used in manufacturing parts which do not involve the safety 
of the passenger are usually tested by sample; but as far as 
possible, materials that go into parts which are important from 
the safety standpoint are given a 100 per cent inspection. Be- 
sides being accurate and reliable, apparatus for such tests must 
be rugged and capable of quick operation. After the manu- 
facturing process the parts themselves must be inspected; the 
more vital ones undergoing complete inspection, while the others 
are fnspected by sample. 

Wherever possible the inspection of important items does not 
stop at the surface, but is carried to the inner structure for the 
purpose of revealing hidden flaws, strains, lines of flow, grain 
structure, and so forth. To make a 100 per cent inspection of 
this type on finished parts it is necessary to develop test methods 
which do not in any way injure the articles. For such work 
industry makes use of electricity, magnetism, light and x-rays. 
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To find relationships between the phenomena in these branches 
of science and the properties of matter for which the articles are 
to be tesed, the engineer usually begins by searching the scien- 
tific literature thoroughly. He must know sufficient mathe- 
maties to read any of this literature intelligently and apply its 
teachings to his problem. Sometimes no information can be 
found bearing on the problem but this is not often the case. It 
does often happen, however, that the information obtained by 
reading is incomplete or of doubtful accuracy. In such a case 
the engineer must plan and carry out a research program which 
will yield him the necessary information upon which to base his 
tests. 

Although after a test method has been thoroughly worked out 
and standardized, it becomes more or less routine, the man to 
whom it is turned over must know what it is all about. He 
should know when the apparatus is out of adjustment and be 
able to readjust it. He must tabulate his data truthfully and 
do this computation accurately. Even for the simplest tests the 
man must take the work seriously and know that the suecess of 
it depends entirely on him. 

The data from routine testing are often the cause of improve- 
ments in manufacturing processes. If serious defects show up 
occasionally or if minor defects become chronic, the cause is 
usually hunted until found. If the fault lies with the manu- 
facturing process the necessary change is made if possible. If 
the raw material is to blame the concern supplying it is notified 
and they usually eliminate the trouble. It sometimes happens 
that concerns supplying raw materials are not equipped to find 
reasons for defects in them. In such eases the coneern buying 
the material often locates their trouble for them and gives what 
assistance is needed to eliminate it. 

I have given considerable attention to the testing and stand- 
ardization because they are absolutely necessary if industry is 
to hold the ground it gains by developmental research and also 
because its importance and magnitude are not usually realized 
by those not closely connected with it. Furthermore this field 
of activity gives employment to a large number of men having 
scientific training from technical high schools, cooperative 
schools, colleges and universities. 

In developmental work industrial activities extend from the 
fields of applied science far into the realms of pure science. Al- 
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though I mention applied science and pure science in the same 
sentence, I do not mean that one is in any way superior to the 
other. In fact spanning the gap between the generalizations of 
pure science and their application to making this world a better 
place in which to live usually requires very scientific bridge- 
work. In this connection I take the liberty of quoting Dr. H. F. 
Moore of the University of Illinois who writes in Science as fol- 
lows: ‘‘Let us not forget that while pure science furnishes us 
with generalizations of observed phenomena into concise, sum- 
marized statements which we eall laws, and also gives us the root 
ideas for many of the appliances and processes of applied 
science, yet it is equally true that the study of practical prob- 
lems has been the source of not a few of the root ideas of pure 
science.’’ Industrial leaders believe that knowledge is power, 
especially if that knowledge is scientific. For this reason they 
appropriate large funds to encourage research work. 

In research devoted to the improvement of even the common 
devices sold to the public, a great burden is again placed upon 
instrumentation. It is usually necessary to make measurements 
while the devices are actually operating under normal or experi- 
mental conditions. For instance in the automobile it is quite 
easy to observe how the timing, transmission and differential 
gears function when turned very slowly, but it requires highly 
delevoped apparatus to enable the engineer to actually see how 
they behave at high speeds. A cam follower follows the cam 
faithfully at low speeds so that the valve-lift curve is what the 
engineer intended it to be. At high speeds, however, the valve 
spring, due to lack of stiffness or to conditions of high speed 
resonance, may not be able to keep the cam follower pressed 
firmly against the cam at all times. Therefore a study of the 
entire valve gear at high speeds is necessary if the engineer is 
to know how the valve is performing. In studying the combus- 
tion characteristics of an engine the pressures developed during 
the eyele must be faithfully recorded at different engine speeds. 
Similar measurements must be made on the ignition system, the 
manifolds, the earbureter, the lubricating system, and so forth 
throughout the car. It is also necessary to study the perform- 
ance of the machinery used in the manufacturing process itself. 

The attempts of some concerns to satisfy the demands of the 
public for smoothness and quietness of operation in the devices 


which it purchases, have increased considerably the need of men 
12 ; 
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trained in the mathematical sciences. The results of sound and 
vibration measurements are so sensitive to the conditions under 
which the experiments are conducted that even if ready made 
apparatus could be purchased for such purposes, a knowledge 
of acoustics, sound, and vibrating bodies is necessary for suecess. 
Since these measurements usually require the use of specially 
constructed high-quality vacuum tube amplifiers, a knowledge of 
electrical circuits is also necessary. When one remembers that 
the laws governing sounding bodies and electrical circuits are 
expressed by equations which are often similar in form, it is easy 
to see the value of a good mathematical background for such 
work. 

Generally speaking, there is, in research work a great demand 
for instruments capable of recording rapidly fluctuating pheno- 
mena. Such instruments usually constitute mechanical systems 
characterized by one degree of freedom, intertia, elasticity, and 
friction. Therefore a thorough understanding of the mathemati- 
eal theory of such a system when subjected to an external force 
is valuable to a man intending to enter industrial research. This 
is equivalent to saying that all the courses leading up to and in- 
cluding the study of differential equations are equally valuable. 

The mathematical training necessary for the large corps of 
draftsmen employed by industrial concerns is too well known 
to require discussion here. The same is also true with regard to 
chemists, metallurgists, and others whose activities in industrial 
work have long been known to the public. 

In its attempts to predict the demands for its products in 
various divisions of the market, industry requires the services of 
men trained for statistical work. It is highly important that 
manufacturing facilities be adjusted in time to supply future 
market requirements. In doing this work it is usually necessary 
to accumulate great quantities of information, determine its re- 
liability, digest it, and then make the proper deductions. 

I now want to take the liberty of making a criticism of mathe- 
matics as it is commonly taught. You have doubtless heard this 
criticism many times already. In the teaching of mathematics 
the various theorems, functions, equations and so forth that go 
to make up the subject are seldom or never emphasized from the 
standpoint of their importance in solving the problems that are 
met with in applied science. I believe that preparing a man to 
improve the adjustment between himself and his physical en- 
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vironment is an activity worthy of any science. It is true that 
mathematics pure, and unattached to anything physical, is of 
great value both as a discipline and as a training for those de- 
siring to become mathematicians. However, those who must use 
mathematics as a means of solving problems in applied science 
far outnumber those preparing to become mathematicians and | 
believe they deserve courses of instruction planned to meet their 
needs. 

If the rdle played by mathematics in the achievements of the 
present day could be outlined in a simple and definite manner, 
it might increase interest in that science during the high school 
period. ‘‘Current Events’’ and ‘‘Moderater Topics’’ are used 
by the teaching profession to give life to Civies and History. A 
few columns, or a page, each week in either of these periodicals 
or in ‘‘Seience News-Letter’’ or some similar publication, might 
well be devoted to giving life to mathematics. By outlining in a 
simple manner the problems that have been solved in developing 


the conveniences of our everyday life, the editor of such a page 


would have ample, up-to-date material to work with. 

As far as I know, mathematies is one of the few sciences taught 
without the aid of laboratory work. While at present I do not 
feel that a laboratory course in mathematies is either feasible or 
desirable in the college or university, I do believe that in the high 
school such a course is both feasible and desirable. One might 
begin in a small way by re-building the laboratory course in 
physies. At present it is used only as a means of emphasizing 
the principles of physics ; all mathematical operations being made 
as few and as simple as possible. The laboratory course in 
physies might well be planned to bring out the importance and 
utility of the principles of high school mathematics. The new 
course would have to be taught either by a physies teacher with 
teaching ability in mathematics or by a mathematies teacher with 
teaching ability in physics. I believe such teachers can easily be 
found or developed. 


SEND IN YOUR ORDER NOW FOR THE FOURTH 
YEARBOOK AND IF YOU HAVE NOT DONE SO AL- 
READY INCLUDE YOUR ORDER FOR THE SECOND AND 
THIRD YEARBOOKS BEFORE THE SUPPLY IS EX- 
HAUSTED. 
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The thirteenth annual meeting of the Mathematical Association 
of America was held at Columbia University, New York, New 
York, on Friday and Saturday, December 28-29, 1928, in affilia- 
tion with the American Association for the Advancement of Sei- 
ence and the American Mathematical Society. The Society held 
sectional sessions on Thursday at Milbank Hall, Barnard College, 
a general session on Friday morning at which the third Bécher 
Memorial prize was awarded, a joint session on Friday afternoon 
with Section A and the Mathematical Association, a joint session 
on Saturday morning with Section K of the A. A. A. 8S. 

On Friday evening there was a joint dinner for attending 
mathematicians and their guests in the Men’s Faculty Club, 
Columbia University. 

The program of the Mathematical Association was as follows: 


Friday Afternoon 
1. ‘‘The relation of Statistics to Modern Mathematical Research,’’ 
Professor DUNHAM JacKsoN, University of Minnesota, 
retiring vice-president of Section A of the American As- 
sociation. 
2. ‘‘The Heroic Age of Geometry,’’ Professor J. L. Coo.ipar, 
Harvard University, representing the Mathematical So- 
ciety of Mathematical Association. 


Saturday Morning 

1. ‘‘A Simple Principle of Unification in the Elementary Theory 
of Numbers,’’ Professor R. D. CarmicHAEL, University of 
Illinois. 

2. ‘‘Geometry of Functions of Two Complex Variables,’’ Pro- 
fessor Epwarp Kasner, Columbia University. 

3. Report on the Bologna Congress, Professor H. W. Ty er, 
Massachusetts Institute of Technology. Remarks by dele- 
gates. 

4. Annual Business Meeting and Election of Officers. 
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Saturday Afternoon 


1. ‘‘The Life Insurance Actuary and His Mathematies,’’ Ray- 
MOND V. CARPENTER, Actuary, Metropolitan Life Insur- 
ance Company, by invitation. 


2. ‘The Development of Mathematies in Sweden,’’ Professor 
Ernark Hitxe, Princeton University. 


3. ‘‘Seleected Topies in Caleulus for High Sehools,’’ Mr. JoHn 
SwENson, Wadleigh High School, New York City, by 


invitation. 


Believing that our readers will be interested in the program of 
the Annual Meeting of The Mathematical Association of Great 
Britain we are reproducing below the announcement for their 


recent meeting. 


THE MATHEMATICAL 
ASSOCIATION 


President: W. F. SHEPPARD, 
Se.D., LL.M. 


The ANNUAL MEETING of the 
Mathematical Association will be 
held at the London Day Training 
College, Southampton Row, London, 
W.C. 1, on Monpay and TUESDAY, 
7th and 8th JANUARY, 1929.°* 


Monday Afternoon, 7th January, 
1929 
1, 3.15 P.M.—BUSINESS. 
(a) The Report of the Coun- 
cil for the year 1928. 
(b) The Treasurer’s Report 
for the year 1928. 
(c) The Election of a Presi- 
dent for the year 1929. 
The Council nominate Dr. W. 
F. SHepparD for re-election. 
(d) The Election of Officers 
and Council for the year 
1929. 


The Council nominate Mr. W. 
Hope-Jones, B.A., and Miss E. 
WisE in place of Miss M. A. 
Hooke and Mr. N. M. Gispins 


who retire in compliance with the 
Rules. 
(e) Other business (if any). 


2. 4.00 p.m.—‘*The Axioms of Ge- 


ometry,’’ by H. G. Forperr, 
B.A. (Hymers College, 
Hull). 


3. 4.45 p.m.—lInterval for tea, which 


will be provided at 9d. per 
head. 

4. 5.30 p.m.—‘*Modern Mathemati- 
cal Problems in Aerody- 
namics,’’ by Proressor H. 
M. Levy, D.Sc., F.R.S.E. 
(Imperial College of Sci- 
ence and _ Technology). 
Lantern. 

The lines of approach taken by 
mathematicians in the study of 
Aerodynamical problems; and the 
fields in which future research is 
most urgently required. 


Tuesday Morning, 8th January, 
1929 
5. 10.00 a.m.—Diseussion: ‘ ‘Should 
a candidate for School Cer- 
tificate be allowed to take, 
in place of the Mathematics 
and Science Group, a group 
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containing Drawing and 
Musie and possibly other 
subjects?’’ 


To be opened by Miss E. 
R. Gwarkin, M.A. (Head 
Mistress of Streatham Hill 
High School, S.W. 2). 


The regulations for the various 
School Certificate examinations 
differ in detail, but are alike ‘in 
general principle. The subjects 
fall into four groups: I—English 
and English subjects; II—Lan- 
guages; II[I—Mathematics and 
Science; IV—Drawing, Musie 
and, in some cases, other subjects. 
To obtain a certificate, a candi- 
date must satisfy certain condi- 
tions, one of which is that he 
must pass in each of the first 
three groups. The Association of 
Head Mistresses have recently 
urged that a candidate should be 
allowed to take Group IV in place 





. of either Group II or Group ITI. 


This, so far as it relates to Group 
III, is the subject for discussion. 


Notre.—Members who would like to 


6. 


take part in the discussion are 
invited to send their names to 
to one of the Honorary Secre- 
taries, stating on which side 
they would speak. 


11.30 a.m.—Interval. 


. 11.45 a.m.— ‘The use and abuse 


of formule,’’ by N. J. 
CHIGNELL, M.A. (Charter- 
house). 


Summary.—(A) Two purposes 
in the use of formule: (a) caleu- 
lation, (b) construction. Manipu- 
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lation or transformation interme- 
diate between these. All these 
purposes arrived at by intelligent 
translation of the language of the 
formula. 

(B) (1) Distinction between (a) 
and (b) to be strictly observed. 
(2) Formule not to be used for 
any purpose other than mere cal- 
culation unless the process lead 
ing to the formula is so well es- 
tablished that a pupil can con- 
struct the formula himself. Ex 
ceptions. 

(c) Transformation of formu- 
le treated as a reversal of proc- 
esses. 


Tuesday Afternoon, 8th January, 
1929 


. 2.30 p.M.—THE PRESIDENT: ‘‘ Va- 


riety of Method in the 
Teaching of Arithmetic.’’ 


9. 3.30 p.m.—Interval. 
10. 3.45 p.m.—‘‘ Methods of Voting 


in Theory and in Prac- 
tice,’’ by Professor J. E. 
A. Sreagauu, M.A., F.R.- 
S.E. (The University of St. 
Andrews). 


Nott.—A Publishers’ Exhibition 


will be arranged in connection 
with the meeting and will be 
open on both, days. 


Honorary Secretaries: 


C. PENDLEBURY, M.A., 
39 Burlington Road, Chiswick, 
London, W. 4. 
MARGARET PUNNETT, B.A., 
The London Day Training Col- 
lege, 
Southampton Row, W.C. 1. 
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Exercises and Tests in Plane Geometry. By Davin EvGENE 
Smiru, Witu1AM Davin Reeve, and Epwarp LoNGwortH 
Morss. Ginn and Company, 1928. Price: $0.48. 


The Exercises and Tests in Plane Geometry resembles the 
companion volume for algebra in its general form: the abundance 
of tests, the perforated pages, the record blank, and the ex- 
planations given in the Teacher’s Manual. The difference are 
those necessitated by the differences in subject matter. The 
technique of geometry are not the same as those of algebra and 
they cannot be treated in the same way. 

In some cases, the geometry tests are given in pairs. More 
frequently, the same idea will appear later in the book, using 
different geometric subject matter. There is greater variety in 
the form of the questions than in the algebra booklet. In fact, 
every sort of new type question seems to be included. 

The booklet is proving exceedingly useful for its introduc- 
tion to geometry and it effectively solves the question of quiz 
material for the early part of the work. Furthermore, whether 
assigned as home work, class work, or examinations, the student 
is brought to the writing of a formal proof in a way that guards 
against the forming of bad habits of presentation and that fa- 
cilitates pendant work. The student is asked to select relevant 
data, to supply reasons for statements, to determine necessary 
and sufficient conditions for a proof, and the like. 

It is unfortunate that the form of the questions makes the scor- 
ing difficult in some of the tests, but it is difficult to see how the 
desired ends could have been obtained by other types of questions. 
The construction problems are especially good. One page, for 
example, asks for the construction of a line through a given 
point and perpendicular to a given line in each of eleven differ- 
ent cases. The lines are vertical, horizontal and oblique. At 
the close of this exercise, few pupils will suppose that all per- 
pendiculars must be vertical lines, or at least parallel to the 
edges of the blackboard. 

The work calls for a great amount of discriminating thinking, 
but perhaps the most significant test of the booklet is that stu- 
dents like it—they appreciate its definiteness and its clarity. 

VerRA SANFORD 
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Functions of Real Variables. E. 
J. TowNseEND, Ph.D., University 
of Illinois (Henry Holt & Co., 
Publishers, 1928, 405 pages). 
The admirers of Professor Town- 

send’s ‘‘Theory of Functions of a 
Complex Variable’’ have been wait- 
ing for this companion text in the 
theory of real variables. In the 
euthor’s characteristically clear style 
ef exposition, this new _ treatise 
covers the following topics: 


Real Number System, 
Theory of Point Sets, 
Continuity and Discontinuity of 
Functions, 

Derivatives and Their Properties, 
Riemann Theory of Integration, 
Lebesque and other Integrals, and 
Infinite Series. 

H. A. DoBELL 


N. Y. Strate CoLueGE ror TEACHERS 


A First Course in the Differential 
and Integral Calculus. W. B,. 
Forp, University of Michigan 
(Henry Holt & Co., Publishers, 
1928, 372 pages). 


For the most part this text covers 
the usual material as presented in a 
first course. Its seventeen chapters 
are headed: 


Fundamental Notions and Defini 
tions, 

The Derivative of a Function, 

General Theorems Concerning thd 
Derivative, 

Maxima and Minima, Points of In- 
flection, 

Further Applications of the Deriva+ 
tive to Geometry, 

Rates, 

Partial Derivatives, 

Singular Points, Asymptotes, Curve 
Tracing, 

Law of the Mean, Indeterminate 
Forms, 


Infinite Series, 

Infinitesimals, Differentials, 

Tntegration, 

Applications of Integration, 

The Definite Integral, 

The Definite Integral as the Limit 
of a Sum, 

Successive Integration, and 

Differential Equations. 


In an Appendix the method of 
least squares is developed and ap- 
plied to curve fitting. This is a 
timely addition in the light of pres- 
ent day interest in statistics. The 
book is concluded by integral and 
trigonometric tables, formulas from 
trigonometry, tables of squares, 
cubes, etc., and diagrams of import- 
ant curves. 

The reviewer is impressed by the 
care which has been taken in the 
selection of problems. On this point 
the author says, ‘‘By actual count 
there are 2,005 examples and exer- 
cises. Of these, 179 are worked in 
full and serve as illustrative mate- 
rial complete in all particulars. Of 
the remainder, 89 are accompanied 
by both the answer and a hint as to 
the method of solution, 1,132 are aec- 
companied by the answer only, 
while, finally, 605 have neither 
answer nor hint given. This un- 
usually large total of varied illus- 
trations and exercises, coupled with 
the care with which they have been 
arranged and graded, shculd enable 
the text to meet all requirements in 
this regard.’’ Further adaptability 
is sought by the addition of numer- 
ous physical applications. 

H. A. DoBELL 


N. Y. Stare CoLuecEe ror TEACHERS 


Calculus. By H. B. Fine. The 
Maemillan Co., 1927. 418 pages. 


With the untimely death of Pro- 
fessor H. B. Fine of Princeton Uni- 
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versity, in December, 1928, America 
has lost a great teacher. The fact 
that he was a great teacher can in 
no way be better exemplified than 
by his excellent text in Calculus 
that has been recently published by 
the Macmillan Company. One feels 
on reading the book that there is 
nothing a pupil will have to un- 
learn in later mathe- 
matics, and that he will carry away 


courses in 


a greater respect for rigor than can 
oftentimes be obtained from other 
texts. 

The book has, in addition to the 
usual material found in an elemen- 
tary text, chapters on Fourier series 
and function of a complex variable. 
Even with this additional material 
the text is not too condensed, and 
the exposition is clear. This book 
should itself to 
matics teachers all over the country. 


G. R. Mririck 


commend mathe- 


Ziffern und Ziffernsysteme. I. TEIL. 
By Evcen Liorrirr. Leipzig, 
Teubner, 1928. Pp. ii + 54. 


This little work by Dr. Léffler is 
already well known by those who are 
familiar with the literature of the 
history of mathematics, having here- 
tofore appeared in two editions. It 
speaks well for its reception that 
the first part of the second edition 
is now republished, with such corree- 
tions as have been found essential. 
The periods covered are those of 
(1) the origins of number writing, 
(2) the Egyptian symbols, (3) the 
numerals of the Babylonians and As- 
syrians, (4) those of the Greeks, 
and (5) those of the Semitie peo 
ples. The first of these treats of 
the philosophic aspects of number 
writing, and of the probable ori- 
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gins of the scales of notation and 
the decimal system. The author 
then the forms of the 
numerals as found among the early 
Of the Egyptian num- 
erals he gives in facsimile the hiero- 
glyphic symbols, the hieratie (those 
used in the Ahmes papyrus), and the 
demotic. The Babylonian and As- 
syrian limited to the 
simpler ones, these being quite suf- 
ficient for the purposes. The three 
common forms of the Greek numer- 
als are given, together with a table 
showing the relation of the second 


discusses 


civilizations. 


forms are 


Greek system to the Semitic letters— 
an interesting relationship not ordi- 
This 
chapter also includes the fractional 


narily given in our histories. 


notation of the Greeks, with some 
mention of the approach to a place 
value. 

The chapter on Semitic numerals 
takes up a less familiar field of 
study. It is illustrated by facsim- 
iles of the Phoenician, Palmyrean, 
Syriac, and Hebrew forms, and the 
author attention of the de- 
pendence of the Ethiopian, Arabic, 
Coptie, 
Turkish numerals upon these earlier 
forms. 
that the Hebrew alphabetic numerals 
go back no farther than 137 B.c., 
the use of the finals for kaph, mem, 
nun, pe, and zade for 500-900 being 


ealls 


Armenian, Persian, and 


It seems from his studies 


considerably later. 

The bibliography is limited almost 
entirely to with 
mention of four English works, one 
French, and one Latin. The work 
pretends to be no more than a brief 
summary of the history of early 
number forms, and as such it will 
be helpful to beginners in the study 
cf the subject. 

Davin EuGENE SMITH 


German sources, 














Progressive Teachers --- 


Attention! 


ALGEBRA FOR TODAY 
MEETING MODERN NEEDS 


BY WILLIAM BETZ 


Vice Principal of the East High School and Specialist 
in Mathematics for the Public Schools of 
Rochester, N. Y. 


This new book, which will be published shortly, is 
based on years of experimental teaching and contin- 
uous testing in many classes. Its aim is to adjust 
the teaching of high school algebra to modern school 
needs and modern educational requirements. 


It carries out perfectly all modern requirements such 
as that of the new syllabus in Elementary Algebra for 
New York State. 


The idea of relationship gives unity to the course. 
Problem solving receives proper attention. 
Practice exercises and tests are abundant. 


Provision is made for individual differences. 


GINN AND COMPANY 


Boston New York Chicago Atlanta 
Dallas Columbus San Francisco 
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